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Figure 9. Theoretical calculations of dvaρ0/ρp, dm andχ , with
the latter being estimated from Equations (52) and (53) for
primary particles having a diameter of 33 nm. This assumes
χ ≈ χt ≈ χv .

Dependence of the Fractal Dimension on Npp

The fractal dimension, as derived from the mass-mobility
relationship, can be estimated as a function of Npp using the re-
lationships between χ and Npp in Equations (52) and (53), and
assuming a dpp of 33 nm as reported by Park et al. (2004a). This
is shown in Figure 10 as a plot of particle volume (Vp) versus dm

on logarithmic axes. Based on the relationship in Equation (48),
D f is the slope of the curve. Two distinct values of D f are esti-
mated from this plot depending on the two Npp regimes used to
estimateχ (Equations (53) and (54)). For Npp ≤ 60, D f = 2.46,

while for Npp ≥ 60, D f = 1.79. The decrease in D f occurring

Figure 10. Particle volume versus mobility diameter for frac-
tal agglomerates, using χ values estimated from Equations (52)
and (53), assuming χ ≈ χt ≈ χv and dpp of 33 nm. The slope
of this log-log plot is the fractal dimension, assuming that ρp is
constant and that the mass-mobility relationship holds over the
whole range of conditions.

with the transition to the large Npp regime can be interpreted
as being due to fractal aggregates with fewer primary particles
filling a larger fraction of the volume around their center of mass
than aggregates with much larger Npp. However, note that this
analysis is combining the mass-mobility relationship with val-
ues of χ determined via light scattering, and both approaches
may not be fully consistent in their determination of the fractal
dimension (Wang and Sorensen 1999; Van Gulijk et al. 2004).
Thus this result has some uncertainty, and further research in
this area is needed.

Alternative Method of Estimating Df

An alternative method for estimating D f (for values of 2 or
larger) can be derived using the results of Rogak et al. (1993) and
Schmidt-Ott (1988). For D f ≥ 2.0, we can use Equations (47)
and (51) to write

dva = C ′′′

d D f
pp

d
D f −2
m . [56]

If we further assume that the primary particle diameter is a con-
stant value, then Equation (56) simplifies to

dva = D′d D f −2
m . [57]

Here D′ is a constant. This implies that for a D f of 2, dva is
a constant. Values of D f larger than 2 can be determined by
plotting dva versus dm on logarithmic axes (D f is the slope of
the resulting line). A recent paper by Van Gulijk et al. (2004)
reports a similar result. For D f less than 2, these authors state
that fractal dimension cannot be determined based on a dva and
dm measurement. They state that for fractal dimensions less than
2, the interior spherules are no longer shielded by spherules on
the exterior; consequently, drag and mass are simply functions
of the number of primary particles and scale together. If that
is the case, dva and dm measurements would not contain the
information needed to determine D f when this parameter is less
than 2. This point is addressed further in the interpretation of
the results from the companion article (Slowik et al. 2004).

CONCLUSIONS
Particle size measurements are expressed in terms of “equiv-

alent diameters” that are influenced by physical morphology
(shape) and density. In this work, these effective diameters are
related within an analytical framework, allowing constraints to
be placed on the relationships between the equivalent diameters,
density, and shape (in the form of the dynamic shape factor). This
framework allows important particle properties such as mass and
volume to be estimated from a combination of diameter mea-
surements.

Mobility and Aerodynamic Diameters
For irregular particles, the mobility diameter (dm) is always

larger than the volume equivalent diameter (dve). The aerody-
namic diameter (da) depends on particle density (ρp), while dm
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does not. For irregular particles of standard density, da is always
smaller than dve. For a given particle, the value of the aerody-
namic diameter is not unique (even for spheres), but asymptoti-
cally approaches the values of dca and dva in the continuum and
free-molecular regimes, respectively. The dynamic shape factor
also depends on flow regime. Also, dm depends on the pres-
sure at which the measurement is performed for nonspherical
particles.

Information from Measurement of dm and dv a

Measurement of both dm and dva allows constraints to be
placed on the relationships between the dynamic shape factor,
particle density, and particle mass. The particle density can be
derived from dm and dva for spherical particles. For nonspherical
particles, these properties remain undetermined in the absence
of additional measurements. When two additional independent
measurements are available (or assumptions are made), the equa-
tions can be solved to obtain dve, ρp, and the dynamic shape
factor in the transition and free-molecular regimes (χt and χv ,
respectively).

Effective Density and Particle Mass
Various definitions of effective density found in the litera-

ture have been discussed and shown to be numerically different.
Consequently, intercomparison of effective densities from dif-
ferent studies should only be done with values calculated in the
same manner. Using the relative closeness between the effective
densities, ρ I

eff and ρIII
eff , and the assumption χt ≈ χv , an expres-

sion is derived to estimate any submicron particle mass within
about a factor of 2 based solely on measurements of dva and dm .
This assumption will introduce some error, and further research
on this topic is needed.

Fractal Aggregates
An extension of theoretical calculations by Wang and

Sorensen (1999) for fractal aggregates is used to estimate dva

if density is known (or can be estimated) and the corresponding
dm as a function of Npp. These calculations predict two distinct
values of the fractal dimension based on the mass-mobility rela-
tionship and depending on the size of the aggregate. For an aggre-
gate with Npp ≤ 60, D f ∼2.46, while for Npp ≥ 60, D f ∼ 1.79.

These values of the fractal dimension are consistent with those
observed for some types of combustion-generated soot (Park
et al. 2003; Slowik et al. 2004). Using the results from Rogak
et al. (1993) allows for estimation of aggregate mass and frac-
tal dimension for aggregates with a D f ≥ 2.0 solely from the
measurement of dva and dm .
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APPENDIX A
This appendix gives the general method for calculating χc

and χv from the results of Dahneke (1973a, b). This allows the
comparison of the dynamic shape factor in the continuum and
free molecular regime presented in section “Relationship of χ

to Flow Regime” above.

Method for χc Calculation from Dahneke’s (1973a)
Formulation

The drag force in the continuum regime is described in
Dahneke (1973a) as

F = −c0µLcV, [A1]

where c0 is the resistance parameter, µ is the gas viscosity, Lc

is the characteristic length of the body, and V is the relative
velocity of the body with respect to the gas. The dynamic shape
factor is defined in Equation (15) and can be calculated from the
parameters of the Dahneke formulation as

χc = cparticle
0 · Lc

csphere
0 · rve

. [A2]

Here Lc is the characteristic length of the body and rve is the
radius of a volume equivalent sphere. Dahneke (1973a) reports
measured and calculated values of the orientation-averaged c0

for discs, cylinders, spheroids, and cubes. By determining rve as
a function of Lc for these simple geometric shapes, χc can be
calculated.

Method for χv Calculation from Dahneke’s (1973b)
Formulation

Calculated values of free molecular drag are given in
Dahneke (1973b) in terms of dimensionless drag, c∗:

c∗ = − F · Kn

µ · Lc · V
. [A3]

The dynamic shape factor can be calculated from the parameters
of the Dahneke formulation as

χv = c∗
particle · Lc · R

c∗
sphere · r2

ve

. [A4]

R is the equatorial radius or semiaxis, and rve is the radius of a
volume equivalent sphere. For a cube both Lc and R are equal to
the length of the side, s. Equation (A4) can be used to calculate
χv from results of c∗, if the radius of a volume equivalent sphere
can be expressed as function of Lc and R.

Dahneke (1973b) reports calculated values of the orientation-
averaged c∗ for discs, cylinders, spheroids, and cubes.

Calculation of rve for Different Regular Particle Shapes
Calculating rve for a Spheroid. In the Dahneke formula-

tion the fundamental dimensions of a spheroid for use in Equa-
tion (A4) are:

Lc = polar semiaxis (a),

R = equatorial semiaxis (b).

From these quantities the volume of the spheroid can be calcu-
lated in the following manner:

V = 4

3
πab2. [A5]

It follows that the radius of a volume equivalent sphere is given
by

rve = (ab2)1/3. [A6]

Calculating rve for a Cylinder. In the Dahneke formula-
tion, the fundamental dimensions of a cylinder for use in Equa-
tion (A4) are

R = radius of cylinder (rc),

Lc = half height of the cylinder (h/2).

The volume of a cylinder is calculated in the following manner:

V = πr2
c h. [A7]

Hence, rve is given by

rve =
(

3

4
r2

c h

)1/3

. [A8]

Calculating rve for a Cube. The fundamental dimensions of
a cube for use in Equation (A4) are

R = Lc = side of a cube(s),

V = s3. [A9]

It follows that rve is given by

rve = s

(
3

4π

)1/3

. [A10]
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APPENDIX B
The effect of water on particle size measurements is often

a concern. The AMS and similar instruments based on low-
pressure aerodynamic lenses are subject to significant losses
of water in the low-pressure inlet region. (However, losses of
semivolatile species such as ammonium nitrate are generally
very small). For this reason it is desirable to dry the particles
before they reach the lens, so that the particles do not change
between the DMA and AMS measurements. Here we present an
estimate of the effect of addition of water to a spherical particle
on the measured value of dva as a function of particle density.

Figure B1 shows estimates of “wet” dva calculated using
Equation (31) by continuously adding water to a spherical par-
ticle of a given density (assuming volume additivity). Figure
B1 illustrates that for typical ambient aerosol particle density
(∼1.5 g cm−3, e.g., Zhang et al. 2004a), or for ammonium sul-
fate or ammonium nitrate particles (with densities of 1.78 and
1.72 g cm−3, respectively); the addition of water to the particle
has only a ∼10% or lower effect on the measured dva for a par-
ticle where the mass of water is up to 3 times than the mass
of dry material. This phenomenon is explained by the increase
in particle volume being closely compensated by the decrease

Figure B1. Ratio of wet to dry vacuum aerodynamic diameters
for spherical particles, as a function of water uptake, and for
several initial particle densities.

in particle density in Equation (31) in this article. In essence,
this means that the measurement of dva for a sulfate or nitrate
dominated ambient aerosol particles is not highly sensitive to
the amount of water in the particle.




