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ABSTRACT

We compare quasi-geostrophic (QG) simulations of a wind-driven gyre to a barotropic rotat-
ing shallow water (SW) model with a free-surface, focusing on energy spectra and spectral
transfers at statistical forced-dissipative equilibrium. In the turbulent regime these two
models generally agree. The SW simulations are computationally expensive, but also more
accurate because they resolve some aspects of three dynamically distinct regimes: synoptic
scales, mesoscales and the barotropic submesoscales. In contrast, QG is only valid in the
mesoscale. Although the submesoscale is not fully resolved, ageostrophic flow is detected. In
both the turbulent SW and QG simulations there is a critical scale between the Munk layer
thickness (the width of positive shear layer next to the wall) and the inertial boundary layer
thickness (the width of the jet) that fixes the size of the eddies generated by the barotropic
instability of the Western Boundary Current. These eddies inject energy into the basin and
this critical scale is therefore analogous to the intermediate forcing scale used in simulations
of two-dimensional turbulence. We find that, similar to forced two-dimensional turbulence,
the energy spectrum of the flow in the mesoscale regime above this critical scale follows a
power-law of —5/3 due to an inverse energy cascade, while below this scale the power-law
is —5. The perturbation energy spectrum has a power law closer to —3 at scales smaller
than the forcing scale, which is consistent with freely evolving two-dimensional turbulence.
Furthermore, we use the Wavelet transform to compute the localized spectra in a turbulent

subdomain away from the WBC and find three dynamical ranges in the flow.

1. Introduction

Ocean dynamics are still poorly understood, in part because they extend over a vast
range of length scales, from planetary to sub-millimetre. Many forces that drive the oceans,

such as winds, gravity and solar heating, introduce energy on planetary length scales that
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is transferred down to smaller and smaller length scales by turbulence before it is finally
dissipated to heat via molecular viscosity. Indeed, it is because turbulence is an essential
component of ocean dynamics that predicting the evolution of the oceans at all length scales
seems to be an impossible task, but it is what is required—at least in approximation—to
understand the oceans at any scale.

From data it is obvious that the dominant features of the large-scale oceanographic
circulation are sub-tropical and sub-polar gyre circulation that dominate the extratropical
circulation. Sverdrup (1947) showed that meridional variation in the atmospheric winds
drives the slow gyre circulations in the majority of the ocean basins. Associated with each
gyre is a highly energetic, relatively narrow, Western Boundary Current (WBC) that nearly
balances the meridional transport of the Sverdrup gyre circulation. Shortly thereafter, Stom-
mel (1948) and Munk (1950) both explained that the preference for western intensification
in the oceans is because the vorticity added by the winds can only be dissipated along the
western boundary. The beauty of these simple theories is that their predictions agree quali-
tatively with what is observed in the world’s oceans on the planetary, or gyre, scales. Their
major shortcoming is that the necessary dissipation is provided by parameterizing unresolved
smaller scale (turbulent) motions. This is because these models describe only the largest
scales, and as a result they necessarily obtain laminar flow. This is in contrast with our
observations that the oceans are strongly turbulent.

To understand the real ocean it is necessary to include turbulence, and this requires
resolving a much wider range of length scales. State of the art atmosphere-ocean general
circulation Models (AOGCMs) are eddy permitting in that they are able to resolve some
aspects of mesoscale eddies (McClean et al. 2011). In order to quantify the effect of the
smaller length scales, such as the submesoscale, on the resolved motions it is necessary to
parameterize (Fox-Kemper et al. 2008; Fox-Kemper and Ferrari 2008; Fox-Kemper et al.
2011) or investigate idealized models (Lévy et al. 2010), which is the approach we take here.

The particular idealized model we use is a barotropic, Shallow Water (SW) ocean with a
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free surface in the confines of a square ocean basin with solid walls on each boundary. The
simplicity of this model prevents us from addressing many aspects of ocean circulation, but
it does allow us to analyze the barotropic dynamics of a wind-driven ocean in finer detail
than has been done previously.

In the oceanographic community it is usually agreed that the gyre scale, mesoscale and
submesoscale are roughly O(1000km), O(100km) and O(10km), respectively. The second
largest scale, the mesoscale, is characterized by the interaction of eddies (or coherent vor-
tices) that are inherently nonlinear oceanographic features. They can persist for several
months and propagate over great distances (Carton 2000). In our context it is useful to
associate the mesoscale with the dynamical regime that includes both the external radius
of deformation and the inertial boundary layer thickness (Charney 1955) (to be defined ex-
plicitly in the following section). By this choice, we define the (barotropic) mesoscale to
be the regime where the relative vorticity gradient is similar in magnitude to the planetary
vorticity gradient (V x u, ~ Sy < fo). ' QG dynamics are asymptotically appropriate for
this definition of the mesoscale (Grooms et al. 2011).

The submesoscale is more difficult to define. Recently, Capet et al. (2008a) define subme-
soscale motions as motions with horizontal length scales of O(10km), but also having three
essential characteristics: 1) they are generated from mesoscale currents and thus are distinct
from from inertia-gravity waves, 2) they are strongly influenced by rotation and 3) they are
surprisingly energetic in comparison to QG turbulence. An alternative definition put forward
by Thomas et al. (2008) is that submesoscale motions are those defined by order one Rossby
numbers and they are necessarily ageostrophic (i.e. the Coriolis force and pressure gradient
are no longer in balance). Since the submesoscale is usually considered to be the length
scales at which the QG approximation breaks down, we will use the latter definition in the

barotropic context. Thus, we consider the submesoscale to be the scale where the relative

INote that this does not imply that the relative vorticity is as large as the planetary, as the scale of

variation of the latter is much larger.
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vorticity is similar in magnitude to the planetary vorticity (Sy < V X up, ~ fo). We propose
that this be called the barotropic submesoscale to differentiate it from the more common
version that is used in the context of a stratified ocean. Thomas et al. (2008) points out
that submesoscale features tend to differ from inertia-gravity waves in that they are more
balanced but also that submesoscale motions are inherently generated from mechanisms that
modify Potential Vorticity (PV), such as wind forcing, buoyancy flux and friction. Another
definition of submesoscale is order one Burger number based on the deformation radius of
the mixed layer (Boccaletti et al. 2007; Hosegood et al. 2006), but this definition will not be
appropriate in our barotropic context.

In this paper we present results from a variety of numerical simulations of wind-driven
gyre flow in the context of both one-layer SW and QG models to elucidate the nature of
the barotropic dynamics. These numerical experiments use high-accuracy pseudo-spectral
numerical methods that we have developed to resolve the widest possible range of length
and time scales for a given number of grid points. In particular, we resolve the gyre scale,
mesoscale and a limited part of the barotropic submesoscale. Comparisons are done with
a rigid-lid, barotropic QG model that we also developed and which uses similar numerical
techniques.

The central question that we address is how the energy is transferred across the different
length scales due to nonlinear interactions. It is well known that forced two-dimensional
turbulence, whose governing equations are similar to the barotropic QG model, has a strong
inverse energy cascade (characterized by a k=573 energy spectrum) and a forward enstro-
phy cascade (characterized by a energy spectrum steeper than k~3), consistent with the
Batchelor-Leith-Kraichnan theory for homogeneous two-dimensional turbulence (Kraichnan
and Montgomery 1980). However, energy in the oceans is eventually transferred to the small
three-dimensional length scales and thus there must also be a direct cascade of energy. Con-
sequently, there is great interest in understanding the mechanisms that can generate the

direct energy cascade to smaller scales (McWilliams 2003; Molemaker et al. 2009). One diffi-
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culty is that much of our understanding of QG turbulence comes from numerical simulations
in periodic domains. In our research we include large-scale forcing by the winds, localized
lateral small-scale friction that is scale selective, relatively weak bottom drag and purely
barotropic dynamics. Large-scale winds generate and maintain a strong and narrow WBC
that is barotropically unstable and radiates eddies into the interior of the gyre. This is to
be contrasted with Scott and Arbic (2007) who investigated a forced-dissipative system that
had relatively small-scale instabilities (on the order of the internal radius of deformation)
and included only bottom drag to damp the inverse energy cascade.

Recently, numerous papers have studied forced, two-dimensional turbulence in a closed
domain to better understand the effect of the boundaries (van Heijst et al. 2006; van Heijst
and Clercx 2009; Clercx and van Heijst 2009). (The freely decaying analogue has been
been addressed in Schneider and Farge (2008) for a variety of different geometries.) These
investigations are motivated by the need to better understand the turbulence that arises in
the oceans and they do help in building our physical understanding of the basic mechanisms.
However, the forcing that is typically used is very different from the winds that actually force
the ocean’s surface. Recently, Nadiga and Straub (2010) have begun to bridge this gap by
looking at the turbulence that arises in a QG double gyre due to idealized winds, both steady
and stochastic. They found evidence for both a strong inverse energy cascade in the form
of vortex mergers (Kevlahan and Farge 1997), as is observed in the classical forced problem,
but they also found a direct energy cascade. Our work can be seen as a natural extension of
Nadiga and Straub (2010), but for a single gyre in a SW model to allow for non-QG effects.
Of primary interest is whether the non-QG effects accentuate or impede the forward energy
cascade, as suggested in a different context by Capet et al. (2008b).

The outline of the paper is as follows. First, we describe the model that we use and our
particular choice of nonlinear viscosity that is consistent with the energetics of the system.
Secondly, we present results from the numerical simulations. We emphasize the energy

spectra and the spectral transfers (and fluxes), calculated using wavelet analysis. Finally,
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we conclude our findings and discuss future research directions.

2. Barotropic Model of Large-Scale Wind Driven Flow
a. Conservative Equations

The SW equations are well-known and are derived in most textbooks on geophysical
fluid dynamics (Pedlosky 1987a; Vallis 2006; Kundu and Cohen 2008). These equations are
limited because they describe the two-dimensional dynamics of a homogeneous fluid, but
they are rich in that they include a wide range of horizontal length scales, from gyre to the
barotropic submesoscale.

The primitive variables for the SW equations are the horizontal velocity u(z,y,t) and the
total layer depth h(x,y,t). If we assume that the bottom topography and the free-surface
are located at z = hg(x,y) and z = H + n(x,y,t), respectively, where H is the mean depth,

the governing equations are

Du 1

E—I—kau%—gVn:E[Fl,—I—T], (1)
Dh
E—FhV«u:Fh. (2)

f = fo+ By is the Coriolis parameter which is a linear approximation assuming a S-plane, g is
the acceleration due to gravity (but can also be interpreted as a reduced gravity) and D/Dt
is the material (or total) derivative. The right-hand side of these equations includes the non-
conservative forces: F, are the viscous forces, 7 is the wind-stress due to the atmosphere and
Fj, are the diabatic forces and unresolved thickness mixing (not considered in this work).
Throughout we will assume a flat bottom and allow for a free-surface. The free surface
assumption imposes very small time steps due to the need to resolve fast gravity waves and
makes these calculations computationally expensive. In contrast, the QG model completely
filters out the gravity waves and thus can be integrated numerically using a much larger time

step (typically by a factor of 1000 given the same grid spacing). The model that we use is
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the same as derived in Pedlosky (1987a).

b. Lateral Eddy Viscosity

In studying geophysical fluids we are faced with the challenge that we are able to resolve
only a relatively small range of motions compared to what exists in nature. It is for this rea-
son that parameterizations are essential to try to model the influence of the unresolved small
length scales on the resolved scales. These subgrid scale parameterizations have many differ-
ent forms, but the two most popular are Rayleigh drag (to simulate the effect of bottom drag
due due to the Ekman layer) and Laplacian friction (to include lateral viscosity at the walls
of the domain). The first two theoretical studies of wind-driven gyre flow are due to Stommel
(1948), who included bottom drag, and Munk (1950) who considered lateral viscosity. Both
these parameterizations produced the observed western intensification (a northward return
flow). Other models have since produced similar results using hyperviscosity (Holland 1978)
and spatially variable lateral viscosity (Fox-Kemper and Pedlosky 2004; Fox-Kemper 2004,
2005).

One source of friction that is always present in the ocean is molecular viscosity. However,
because it only affects the smallest length scales (sub-millimetre) it cannot be included as
the sole frictional mechanism in large-scale ocean models, even using the most powerful
supercomputers. Because of this, we must resort to other models of viscosity. We choose
to include lateral eddy viscosity because it is simple and enables us to enforce no-slip (or
slip) boundary conditions in addition to no-normal flow. Lateral viscosity is often included
in the SW equations by adding a term proportional to the Laplacian of the velocity to
the momentum equations. Unfortunately, as attractive as this choice is, adding this type
of friction can actually increase kinetic energy (KE), counter to physical intuition. Gent

(1993) suggested a slightly different form that does ensure that KE always decreases because
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of friction,

FI =2 V. (Wﬁ) . (3)

A slightly more complicated form of eddy viscosity is proposed by Schar and Smith (1993)
that is derived by assuming that the dynamic viscosity can be decomposed as = hv. They
then prove that this functional form of friction cannot increase kinetic energy and that the

associated stress tensor is symmetric. It has the form in Cartesian components

F* =y {v% + (ug — vy)% + (uy + %)%} : (4)
Yy 2 @ _ _ @
FY = v | V20 + (uy +00) 5 — (e —0,) 5 | (5)

Schar and Smith (1993) show how it can be obtained by choosing the stress tensor appro-
priately. In the next subsection we show that this is the unique choice that follows from
reducing the viscous term in the three-dimensional equations of motion to the hydrostatic,

two-dimensional limit.

c. Derivation of viscosity for the SW model

The deviatoric stress tensor for an incompressible Newtonian fluid is

. 8uz an

In the compressible case there is an additional term, but since water is essentially incompress-

ible in three-dimensions this term is neglected. In three dimensions this term is symmetric,
ensuring that angular momentum is conserved (Kundu and Cohen 2008).

In making the shallow water approximation we assume that the motion consists of fluid
columns that can be stretched or compressed in the vertical. This requires that the hor-
izontal velocity is independent of depth and we assume the vertical momentum equation
reduces to hydrostatic balance. Furthermore, the incompressibility condition means that

the vertical divergence must be equal to minus the horizontal divergence. Therefore, in the
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above equation even though the horizontal velocity is independent of depth we still include
the effects of compressibility in the horizontal. Indeed, by expanding the above equation we

find that the modified stress tensor is

. 8uz 8uj =
Ty = <axj i 8@») —H (V ' “) % (M)

where the indices now range only from 1 to 2. Because this form is symmetric in the

horizontal it ensures that angular momentum is conserved in two dimensions, which is no
longer true in three dimensions. The form proposed by Gent (1993) is a reduced form of this
equation that includes the effects of variable viscosity, but neglects entirely the stretching
term (the second term above). This stress tensor is very similar to the deviatoric stress
tensor for compressible flow, but the two coefficients of viscosity are necessarily the same
since they arise from the same source, namely the horizontal viscosity.

The only freedom that we have left is to pick the dynamic viscosity. Inspired by what
is done for three-dimensional compressible flows (1 = vp), we define the kinematic viscosity
as u = vh, where we include the effect of spatial variations in the depth field. Therefore,
if we compute the divergence of this stress tensor we find that the two viscous momentum

equations are, assuming a flat bottom,

—Dt—fU—Fg%—V{VU—F(Ux_Uy)h+(uy+vx)h}+poh7 (8)
Dv oh > s hy
Ft—kfv—l—ga—y—u{Vv—l—(uy—l-vx)h—(Ux—vy)h}> (9)
Dh -
- il=0. 1
oy ThY =0 (10)

Note that we added an Ekman forcing term 7, /h due to the surface winds, which are modelled

here as a body force.? The equations are normalized by total depth, rather than mean depth.

2Sometimes an Ekman layer is added above the explicitly modelled fluid layer. In that case the Ekman

pumping appears in the h equation as well as the momentum equation (e.g., Pedlosky 1987b).
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d. Gowverning length scales

In our simulations we pick the following physical parameters: 7 = 0.1N/m? py =
1000kg/m?, 3 = 2 x 10711 /(ms), fo = 1 x 107%/s,L = 4 x 10°m and H = 500m. Our
particular choice of layer depth is motivated by Rhines and Holland (1979), who find that
for some oceanic flows the effect of the wind stress extends down to approximately 500 m.
This means that our model describes the motion of a uniform-density surface layer with a
free-surface and a flat bottom below to prevent any interaction with the ocean beneath.

The zonal and meridional domain is chosen such that x € [-L/2, L/2] andy € [-L/2, L/2].

With this choice we can set our wind stress to be

Ty = ToSin <%y> ) (11)

This means that the winds are strongest, and of equal magnitude, along the northern and
southern boundaries. In the southern (northern) half of the domain the winds are westward
(eastward). We emphasis that the wind stress is due to an imposed body force and we do
not include any contribution from the ocean surface velocity (Duhaut and Straub 2006).

The Rossby radius of deformation (Pedlosky 1996) is a fundamental length scale that
helps determine the dynamics of the flow. In the context of a barotropic model we have an
external Rossby radius of deformation and it is,

Vi

Lp=
TR

(12)

For our choice of parameters mentioned above Lr = 700km or k& &~ 107° /m. This length
scale divides the gyre scale (L > Lg) and the mesoscale (for some range of L < Lg).* The
lower bound on the mesoscale is the submesoscale. In a stratified model we would also have

internal radii of deformation that would be much smaller and would yield richer dynamics

3Depending on the mode in question, it is sometimes more appropriate to associate kg with 1/Lz ~ 1076
instead of 27r/Lg ~ 107%. What is important here is that both of these wavenumbers are smaller than the

others in the problem.
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(Scott and Arbic 2007). A barotropic QG model can be seen as an asymptotic limit of
our SW model about the mesoscale that ensures that the relative vorticity and the vortex
stretching have the same relative importance.

In classical theories of wind-driven gyre flow the three boundary layers that can close the
fluid transport across the basin are the Munk layer, Stommel layer and Charney (inertial)

layer

5M = (%)3 ) 63 - %7 and 5] = (Ugbc>27 (13)

respectively (Pedlosky 1996). The Munk and Stommel layers both predict that the intensifi-
cation must occur to the west since that is the only way that the vorticity added throughout
the basin by the winds can be dissipated. The former is a lateral viscosity that parameterizes
the effect of the sub-grid scale eddies that are not resolved. The latter is due to bottom drag
and can be interpreted as due to unresolved turbulence below the ocean gyre. The Charney
layer can balance the mass transport, but it does not predict any asymmetry between the
west and east and therefore cannot be considered on its own (Ierley 1987). Note that for
the inertial boundary layer we use the velocity scale of the WBC since it is dominant in
the region of western intensification. Table 1 gives the values of these parameters for the
different simulations described here.

In the introduction we defined the barotropic submesoscale, d,, as the length scale that

yields Ro = O(1). If we use the velocity scale typical of the WBC this yields

wac
Osm = ) 14
To (14)

In our turbulent simulation we have observed that U,,. ~ 1 and therefore the barotropic

submesoscale is approximately L = O(10km) or k = 6 x 107* /m.

Therefore, we can view the dynamics of a wind-driven gyre as consisting of three distinct
regimes: the synoptic (gyre) scale (L > Lg), the mesoscale (d5, < L < Lg) and the
submesoscale (L < dg,,). The gyre scale can be modelled using a planetary geostrophic model

that accounts for the longitudinal variation of the Coriolis parameter (Pedlosky 1996). The

12
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mesoscale is well-described by QG. There has been some success in using the semi-geostrophic
equations (Eliassen 1948) to study some aspects submesoscale processes (Thomas et al. 2008).
Even though the SW model is restrictive because it does not include baroclinic effects, it does
allow for the simultaneous inclusion of these three different regimes. Our study can therefore
be taken as complementary to that of Lévy et al. (2010), where the emphasis is on the
effects of stratification by the baroclinic submesoscale. At the submesoscale the hydrostatic
approximation may start to break down, but overall the SW model is more accurate for

studying wind-driven gyre flow than QG because it allows for unbalanced motions.

3. Time-series of the numerical simulations

Throughout, we focus on the effects of the Munk layer, but we must also include a
Stommel layer in order to ensure that the gyre reaches statistical equilibrium. We therefore
set the strength of the bottom drag such that g = d,,/4 so that inertial and lateral viscosity
are the dominate effects. The wind stress and the dissipation parameters then determine
the thickness of the inertial (Charney) layer ;.

The most viscous simulation has v = 160,000 m?/s on a grid of 256® with a Munk layer
thickness of d;; = 200 km. This solution tends to a laminar steady state and is very similar
to the solution of a linear Munk problem. We then consider a sequence of simulations where
the viscosity decreases by a factor of eight so that the Munk layer thickness is reduced by a
factor of two. We set the resolution to ensure that in the SW simulations there are seven grid
points per Munk layer thickness. Using equations (12) and (14) we compute the associated
inertial and submesoscale length scales. Observe that both these scales increase as lateral
viscosity decreases. The various parameters are summarized in Table 1.

The three lowest Reynolds number cases are all laminar, but are characterized by west-
ward propagating basin modes. The case with Ly, = 25 km generates eddies, but they are

restricted to a very narrow strip along the northern part of the western boundary. The only
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truly turbulent case is the last one, with a Reynolds number of 3190. (This is much smaller
than in the real ocean which have Reynolds numbers up to O(10'°).) In this simulation the
mesoscale is O(200 km), similar to the length scale of oceanic barotropic vortices. The sub-
mesoscale is approximately half the size of Munk layer thickness, 7 km. In our simulations
we generate vortices O(20 km) that are not strictly within the submesoscale regime, but they

should nevertheless include some ageostrophic effects.

a. Numerical method

We use a Fourier-basis pseudo-spectral method to solve the SW equations of motion.
No-normal flow and no-slip boundary conditions are imposed using a discrete sine transform
(DST) and the free-slip boundary condition is imposed using a discrete cosine transform
(DCT). We compute our equations on a staggered grid with N, and N, grid points in
the zonal and meridional directions, respectively, and Az = L/N, and Ay = L/N,. All
variables are de-aliased after each time step using the ‘two-thirds rule’ to remove those
modes with length-scales smaller than 3Az. We use the third-order Adams-Bashforth (AB3)
time integration scheme. The time step, At, is bounded by the Courant-Friedrichs-Lewy
(CFL) stability condition (Courant and Friedrichs 1967). The need for small time steps (to
resolve fast gravity waves) and fine spatial resolution (to resolve fine vortical structure in
the boundary layer) means that our simulations our computationally intensive. To improve
execution times we have parallelized our code using the FFTW library and MPI.

The numerical method for the QG model is essentially the same except that we use
a Chebyshev differentiation matrix to compute the zonal derivatives. This is because we
need to impose both zero Dirichlet and Neumann boundary conditions at the western and
eastern walls and there is no Fourier basis that does both simultaneously. For the turbulent
simulation with Ly, = 12.5km we use N, = 2048, as before and N, = 512. The reason for
the discrepancy is because the Chebyshev grid is tightly clustered near the boundary and

therefore we do not need as many grid points to achieve the same level of accuracy. This
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does have the drawback that the interior flow is less well resolved but because the interior is
very smooth this does not create any problems. The fact that the simulations are so similar

shows that spectral methods achieve a high-order of accuracy throughout the domain.

b. Structure of the WBC

In Figure 1 we plot the zonal slice of the mean meridional velocity through the centre
of the gyre (y = 0) for both the SW and QG simulations. The means were computed from
days 100 to 700. There is excellent agreement between the two, which shows that the QG
accurately models the overall dynamics of the wind-driven gyre. For the QG profile we plot
the points to illustrate how closely clustered they are near the boundary. The SW simulation
achieves the same profiles with only seven points per Munk layer thickness. This plot also
shows the width of the Stommel and Munk boundary layers. It is evident that the Munk
layer accurately represents the width of the shear layer adjacent to the boundary in the
nonlinear regime. The mean profile of the WBC is rather asymmetric, but the width is
roughtly 100 km which is similar to the Charney layer thickness. This result shows how the
width of the shear layer is set by the Munk layer thickness, but the overall width of the WBC
is set by the inertial boundary layer thickness. In a following subsection we will see that the
transition in the kinetic energy spectra occurs at a critical length scale between these two

scales that divides the mesoscale into two qualitatively different regimes.

c. Time series of global properties

We begin by comparing the evolution of certain global properties in the SW simulations.
Four subfigures in figure 2 depict the time series in the following quantities: a) the kinetic
energy (KE), b) the potential enstrophy defined in QG (EN,,), c¢) the available potential
energy (APFE) and the d) the potential enstrophy defined by SW theory (ENg,). These are

15
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defined in detail in equations (15), (16), (17) and (18), respectively,
KE = —po // u? +v?) dxdy, (15)

EN,, = H// v, — uy,)? ddy, (16)

APE = 5/)09//77 dxdy, (17)

//A(“w_lzﬁf) J;dxdy (18)

Note that we use a slightly unconventional definition of enstrophy: we normalized the QG

enstrophy by H and the SW enstrophy includes only the fluctuating part of the enstrophy.
We made these choices in order to facilitate comparisons between the two rather different
expressions for enstrophy.

Figure 2(a) shows that the total kinetic energy in the wind-driven gyre changes dramat-
ically with respect to the amount of dissipation. In all the simulations the kinetic energy
increases exponentially as the gyre spins up and then saturates due to the nonlinear ad-
vection. The most viscous (also laminar) simulation equilibrates early and with relatively
little energy in comparison to the turbulent simulation. Reducing the viscous boundary
layer thickness by a factor of 10 increases the spin up time by a similar factor: 30 days for
Ly = 200 km compared to 300 days for Ly, = 12.5km. As well, the amount of kinetic energy
contained in the gyre increases by over an order of magnitude. Initially in this investigation
we ran these simulations without any bottom drag. The equilibration levels were similar
for the viscous runs but the turbulent case never equilibrated, even after 1000 days. The
bottom drag is essential because we wish to study the energy spectra and associated energy
transfers in an equilibrated system.

Figure 2(b) shows that in all cases the QG potential enstrophy increases exponentially
at first and then saturates to reach statistical equilibrium, albeit slightly sooner compared
to the kinetic energy. The QG simulations behave similarly (results not shown here), and
the spin up times and the equilibrium levels of both the KE and EN,, are well described

by the QG dynamics. However, the details of the oscillations about the mean differ between
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QG and SW because the characteristics of QG and SW turbulence differ.

The plot of available potential energy (APE), figure 2 (c), does not have an analogue
in our QG simulation because we have taken the limit of a rigid lid. In these plots we see
that the the APE stored in the wind-driven gyre increases with decreasing viscosity. In
each case a maximum of potential energy is achieved within the first ten days. The systems
then overshoot their equilibrium levels and then the APE decreases, subsequently yielding
oscillations. In the laminar cases the saturation level is essentially flat because the system is
near steady state. The two simulations that generate eddies experience fluctuations about
the equilibrium level. The turbulent solution actually increases its APE quite significantly
in a rather erratic manner. The details of this curve are set by the complex nonlinear
interactions.

Figure 2(d) shows the SW potential enstrophy, a quantity that is conserved in the absence
of forcing and dissipation, unlike the QG potential enstrophy mentioned above. In all the
simulations this field attains a local minimum in the first ten days. The potential enstrophy
increases significantly only after the vortices have been generated. Indeed, the potential
enstrophy level seems to depend on the level of turbulence generated in the basin.

In order to test the accuracy of our results we ran a numerical simulation with exactly the
same parameters as our turbulent SW run but with twice the resolution, N, = N, = 4096.
To evolve the solution to day 200 took several months of computing on 128 processors and
the plots of the time series are virtually identical. This shows that our numerical results

have converged globally.

4. Energy spectra
a. Methodology

Computing the energy spectra in a periodic domain is relatively easy because we can take

the transforms of the fields directly. The presence of a solid boundary complicates matters.
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Capet et al. (2008b) and Fischer and Bruneau (2009) overcame this hurdle by using a window
to convert the field to one that is periodic. This is undesirable for our study because a window
would remove a significant portion of the WBC, which is an essential feature that we want
to investigate. It is for this reason that we have decided instead to compute energy spectra
using spectral extensions. By that we mean that we extend the primitive variables u,v,n
in either an odd or even way, depending on the boundary conditions to obtain fields that
are strictly periodic. The fields with zero Dirichlet (Neumann) boundary conditions use the
the odd (even) extension, which is essentially equivalent to using the Discrete Sine (Cosine)
Transform.

Subsequently, we compute the two-dimensional FFT of these extended solutions and in-
tegrate the square of the modulus over rings of equal wavenumber modulus k£ = |l;] to
determine the spectral distribution of each of these variables: |i|?, [0]%,]7|?. The sum of the

first two yields the spectral kinetic energy density and the third is the spectral potential

2m k:-i-@
Exp(k / / 14 + 0]2dA,
k

21 k-i-@
Epgp(k / / |77’2dA-

Note that we follow convention and use hats to denote transformed fields.

energy density:

One issue that we must address is that the kinetic energy of the SW model is defined
to be the depth integral of the kinetic energy in each level $h (u? 4+ v?)). This quantity is
problematic in that it is cubic and thus we cannot apply traditional methods (Warn 1986).
It is for this reason that we choose to look at the KE at each depth, which is uniform for all
depths and thus it is simpler and unambiguous. We restrict our attention to the unfiltered
modes (wavenumbers below the 2/3-rule cut-off), since those are the ones of physical interest.

We complement the standard Fourier-based spectral analysis with wavelet analysis to
compute energy spectra and spectral fluxes. The wavelet approach allows us to use a log-

arithmic distribution of wavenumbers to better resolve the behaviour at large scales and
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produces smoother spectra that are easier to interpret. Furthermore, we use the Wavelet
analysis to calculate local spectra in turbulent and laminar regions and contrast them to the
average spectrum over the whole gyre. For a detailed review of wavelet analysis techniques
for turbulent flows the reader should consult Farge (1992); Farge et al. (1996). Our wavelet
analysis uses an isotropic version of the two-dimensional 8th-order Cauchy wavelet proposed
by Antoine et al. (1999). Results are normalized such that the wavelet and Fourier spectra

have the same total energy.

b. Energy spectra of total fields

In both the SW and QG turbulent simulations the increase in kinetic energy saturates
after 300 days and subsequently enters a state of statistical equilibrium. In this regime it
is of interest to compute the power spectrum of the kinetic energy to learn how the energy
is distributed amongst the different scales. In the subsequent subsection we investigate how
this spectrum is maintained by computing explicitly the spectral transfer and fluxes.

Figure 3 shows five different wavelet power spectra of the total solution azimuthally
integrated in spectral space and time integrated over days 300 to 305. Because there was
not much variation in this field it was deemed unnecessary to integrate over a wider interval
of time. We compute spectra for the kinetic energy (KE), available potential energy (APE),
kinetic energy in the QG simulation (QG), and zonal (u) and meridional (v) velocities.
Superimposed on this plot are two straight lines with slopes —5/3 and —5 which approximate
the slopes of kinetic energy in different regimes. Note that the spectra of the velocities are
all shifted downwards to separate them from the other curves.

The spectrum of the kinetic energy is complex, but can be understood by considering
each dynamical regime separately. The synoptic scale is larger than the external radius of
deformation, k& < 107° /m, the mesoscale lies between 107° < k < 6 x 107* /m and the
submesoscale is to the far right, & > 6 x 107 /m. The mesoscale is divided into two distinct

regions at k = 10~* where the slope of the energy spectrum changes. At large scales spectral
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slopes of KE are close to k~%/2, which suggests there is an inverse cascade of energy as in the
Batchelor—Leith—Kraichnan theory of unbounded two-dimensional turbulence. This range
spans nearly a decade and there is very good agreement between the spectra of KE in the
SW run and its corresponding APE. In the QG limit the free-surface height is precisely the
streamfunction for the horizontal velocity and multiplying the integrated power spectrum of
the APE by k? yields the power spectrum in the same units as the kinetic energy. Therefore,
if we compare the power spectra of the kinetic energy and the APE we measure how similar
the SW dynamics are to the QG dynamics. Deviation between the KE and APE curves
indicates a break in geostrophic balance.

The spectrum for the QG KE is nearly parallel to the SW KE in this range. One subtle
difference is that around 300 km the QG energy spectrum has a local maximum, in contrast
to the SW which has a local minimum. This indicates that at this time the QG simulation
has more energy at this length scale compared to the SW analogue. Indeed, the vorticity
field of the QG simulation has several vortices of this size whereas the SW analogue has a
wider range of vortical sizes.

Also, at the larger part of the mesoscale both components of velocity are comparable and
contribute to the overall spectrum. This is in contrast to the relatively smaller length scales
where it is evident that the meridional velocity is the dominant component. This occurs
because the former is dominated by eddies whereas the latter is predominantly controlled
by the strong meridional WBC.

There is a kink on the order of the inertial scale, ¥ = 10~*, where all the energy spectra
curves change their slope. This is the length scale where energy is injected into the system
and is due to the width of the WBC, which then sets the typical size of the eddies that are
generated by the barotropic instability of the jet. These eddies then interact in a nonlin-
early to generate an inverse energy cascade to larger scales, as is typical in two-dimensional
turbulence. These interactions naturally generate filaments, which causes enstrophy to be

transferred to smaller scales. The mesoscale motions with smaller horizontal wavelengths
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all have energy spectra that are steeper, smoother and slopes that are nearly linear. The
slopes of the energy spectra in this range all differ slightly. The steepest is the QG KE and
the shallowest is the PE. Note that in the QG model has linear Laplacian viscosity in the
vorticity equation, whereas the SW model has nonlinear lateral viscosity and no diffusivity
in the continuity equation. The fact that these are different could explain these different
slopes. Tran and Shepherd (2002) established theoretically that, depending on the type of
dissipation used, the enstrophy cascade range of scales can have a spectral slope between
—3 and —5. However, the nonlinear dissipation in the SW simulations was not one they
considered and therefore we cannot directly apply their theory. Figure 3 shows that the
spectral slopes of the kinetic and available potential energies are both close to —5. These
results are consistent with the theoretical predictions and numerical simulations of forced
two-dimensional turbulence.

There are clearly many similarities between our relatively complex model of wind-driven
gyre flow and numerical simulations of two-dimensional turbulence. In the latter, forcing
injects energy over a narrow range of wavenumbers (so-called monoscale forcing). The length
scale of the WBC is analogous to this forcing scale since it determines the size of the eddies
that are produced. It is for this reason that we get an overall picture that is qualitatively
similar to forced two-dimensional turbulence. Indeed, the random variations in the forcing of
the idealized problem could be seen as parameterizing the variable eddy sizes and strengths
that are generated due to the strong shear in the WBC. However, we emphasize that in our
problem the forcing is due to wind stress that indirectly forces the gyre at much smaller
scales between of the return flow along the western boundary. This investigation, albeit in
a rather idealized setting, helps to bridge the gap between classical simulations of forced
two-dimensional turbulence and the real dynamics of wind-driven gyres.

In the synoptic scale the KE and APE spectra differ dramatically in form, which signifies
strong deviation from geostrophic balance. The KE of the SW and QG are similar but they

do have some notable differences, which is not surprising because QG is not strictly valid
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on these scales where planetary geostrophic balance should hold to leading order (where the
variations in the Coriolis term is important). We emphasize that the fine structure that we
observe at large scales is only visible using the wavelet-based method, which allows us to
choose logarithmically distributed wavenumbers.

The transition from the small mesoscale to the barotropic submesoscale is subtle. Almost
all the spectral curves maintain the same slope, except for the PE. This spectrum becomes
very shallow, which shows that there is relatively more energy at this scale and that the
dynamics in this regime is ageostrophic. Unfortunately, these details cannot be resolved by

the current simulation will be investigated in future work.

c. Energy spectra of perturbation fields

Next, we compute the corresponding energy spectra of the perturbations about the mean
state in order to try to better understand the dynamics of the fluctuations. The same five
spectra shown in the previous figure are presented in Figure 4. We analyze the equilibrium
dynamics by considering the three different dynamical scales. In the synoptic range all
the energy spectra have a predominantly positive slope because of the spectral peak that
occurs at the external radius of deformation. This energy build up occurs because there is
a predominance of eddies that have a length scale similar to, or slightly smaller than, that
of the Rossby radius. Since QG is designed to describe this regime it is not surprising that
it accurately captures the dominant features of wind-driven gyre flow. Again, we see that
the spectra corresponding to the kinetic energy and the APE are nearly parallel, indicating
there is a near geostrophic balance for these motions.

The slope of the kinetic energy spectra in the large mesoscale range is similar to —3,
as predicted for freely evolving two-dimensional turbulence. Note that there is not as large
region of a shallower slope, e.g., —5/3 as in the total kinetic energy. This is because the
forcing and much of the damping is confined to the mean state. In the short mesoscale range

we find that the kinetic energy spectra has a slope similar to —5, as in the previous case.
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The spectra of the APE is even shallower still, once again indicating deviations form QG
dynamics. This extends into the submesoscale regime, as is suggested by the fact that there
is still the same shallowing of the slope at the smallest scales. This figure also shows that
the energy spectrum in the QG simulation closely resemble its SW analogue. The largest
differences occur in the synoptic scales where the QG spectrum decreases much more rapidly

at larger scales.

d. Localizaton of Spectra

To conclude this section we exploit a characteristic of the wavelet transform in that it can
show how the kinetic energy spectra can vary locally in space. Subplots: a) and b) in Figure
5 depict the vorticity of the QG and SW simulations, respectively, at day 300 well after
the unstable WBC has generated turbulence in the north-western corner. There is a white
square of size 1,000 km x 1,000 km in each that isolates a region of turbulence (1/4 the total
size of the domain) away from the WBC. As well, subplots ¢) and d) show different spectra
for the QG and SW simulations. Each presents three spectra: 1) the Wavelet spectrum
that is integrated over the entire domain, 2) the Wavelet spectrum in a subdomain of the
south-western quadrant that is laminar (not shown here) and 3) the Wavelet spectrum in the
white domain depicted above where the flow is turbulent and does not contain the WBC.

It is readily observed from subplots a) and b) that even though both simulations are
turbulent the details of the flow differ significantly. It is very difficult to quantify these
differences using the vorticity plots. One means of quantifying the characteristic differences
of the turbulence is to compare the energy spectra, what we present in subplots c¢) and d).
The Fourier transform (not shown here) and the Wavelet transform, in (c) and (d), integrated
over all the scales produce spectra that are very similar. There are some minor differences
on the largest scales and the Wavelet spectrum is much smoother, which is typically the
case. The spectra in the south-eastern domain is strongest at the largest scale due to the

Sverdrup flow that exists but then quickly decays just beyond the Rossby radius. The
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spectra in the turbulent subdomain in the north-western quadrant is more interesting. Both
the QG and SW spectra are very similar on the planetary scale and mesoscale but there
are significant differences that occur in the smaller part of the mesoscale. The localized
spectra in the turbulent region seems to have 3 spectral ranges: 1) near the Rossby radius
there is a narrow regime that is a bit steeper than -5/3, 2) starting at the Charney scale the
slope seems to change to —4, and 3) near the Munk scale we have that the slope changes
to something closer to —7. The first regime is attributed to the inverse energy cascade,
the second could be due to the direct enstrophy cascade and the final regime should be
due to the dissipative range. The associated QG spectra differ in that the spectral range
of —4 extends for a much wider range of scales. Therefore, we surmise that even though
the global spectra agree remarkably well, the localized spectra differ significantly near the
Charney scale where nonlinear effects play an essential role in the evolution of the gyre, and
the asymmetry between cyclonic and anticyclonic eddies in SW is likely to deviate from QG.
We remark that we also used a Tukey window combined with the Fourier transform and also

found the three distinct regimes in the SW simulations.

5. Spectral energy transfers

In this section we investigate how the energy is transferred between length scales due
to the various terms in the momentum equation. We follow the methodology presented in
Scott and Arbic (2007), Capet et al. (2008b) and Lesieur (1997). Unlike the energy spectra,
the spectral transfers (and fluxes) vary significantly in time and must therefore be averaged
over many different realizations. Preliminary results indicate few differences between the
transfers computed by the Fourier and Wavelet methods, however, a substantial reduction
in computational costs is gained from the former. Therefore, we have chosen to use the

Fourier approach to compute the energy transfers in our simulations. Results are averaged

from day 300 to day 700.
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A statistically stationary forced two-dimensional turbulent fluid in a doubly periodic or
unbounded domain is expected to have an inverse energy cascade to larger scales for scales
larger than the forcing scale (without scale to scale transfer of enstrophy) and an enstro-
phy cascade (without scale to scale transfer of energy) from the forcing scale to smaller
scales (Kraichnan 1967). However, in the forced-dissipative basin flow, this cannot be con-
sistent with the large scale energy forcing. Scott and Straub (1998) studied a similar problem
to the one we consider here, but only in the QG regime. They determined that for constant
forcing and small viscosity, the wind energy input must decrease to satisfy global energy
conservation in order to guarantee that the Rossby number remains small. An equivalent
behavior occurs in vorticity forcing Fox-Kemper (2005). As well, Scott and Arbic (2007)
investigated a similar forced-dissipative system with a two-layer baroclinic QG model. This
differs from ours in two ways: their forcing is a baroclinically unstable shear flow that forces
the motion at the internal radius of deformation, and the damping is primarily due to a

bottom drag.

a. Methodology

To derive the equation that governs the evolution of the spectral density transfer we
transform the SW momentum equation, multiply the resulting equation by the conjugate of
the transform of the velocity G* and then adding the resultants. This yields an evolution
equation for the spectral density,

% (%uu) — _Re {ﬁ* : ((%) - (k/x\u) - g/V\h} +Re [ﬁ* : 1?“] . (19

If we average a statistically stationary solution over many days we expect the left hand
side to be approximately zero. The spectral (turbulent) transfer has contributions from
nonlinear advection, the Coriolis force, hydrostatic pressure and external forcing by the
winds and dissipation, both lateral viscosity and bottom drag. In contrast to Nadiga and

Straub (2010) we plot each contribution separately rather than summing terms together.
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Throughout, we only consider the unfiltered wavenumbers below the 2/3 cut-off.
Similarly, to compute the transfer in the APE we multiply the transformed continuity
equation in the SW model by the complex conjugate of the transformed depth to obtain an

equation for the spectral transfer of potential energy,

% (%hh) — ~Re [V - (hu)| . (20)

We computed the spectral transfer of APE and found that even though it is generally non-
zero at a given instant, the average mean flux is approximately zero. This shows that
although there is instantaneously spectral transfer between kinetic and potential energy, on
average this transfer is very small and we therefore do not present these results.

There are two obvious approaches to determine the spectral transfers and fluxes of the
kinetic energy in the QG model. The conventional method, as is used in Scott and Arbic
(2007) and Nadiga and Straub (2010), is to compute the transform of the PV equation and
multiply this by the conjugate transform of the streamfunction. Alternatively, equation (19)
can be obtained from the momentum equation, as before. The complication is that the
pressure is not directly available from the numerical simulations. However, computation of
the nonlinear spectral transfer, usually referred to as Ty, does not require the pressure field.

As with the energy spectra, we use spectral extensions instead of windowing since it
preserves the structure within the WBC. It is important to extend the equations in such a
way that the equations are satisfied in each quadrant, otherwise there is no reason to assume
that the fluxes will actually balance. In particular, for all the terms in the x-momentum
equation we extend the fields in an odd way in the zonal and an even way in the meridional.
In the y-momentum equation we extend the terms in an odd way in both directions and
for the continuity equation we extend all the terms in an even way in both directions.
Unfortunately, there are some terms that do not share the same boundary conditions and

this has produced some error due to boundary discontinuities.
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b. Spectral Fluzes of turbulent simulations

In figure 6 we present both the spectral transfers and fluxes for the wind forcing, lateral
viscosity and bottom drag. These are distinct from the other three mechanisms in that they
have a net spectral flux throughout the basin. Note that in Figure 6 (a) the dissipative
terms are rescaled by a factor of 100 because they are much weaker than the winds and
otherwise would not otherwise be visible. This figure confirms our intuition about which
spectral transfers arise because of the external forces. First, the wind inputs energy only at
the very largest scale. Secondly, the lateral viscosity dissipates more energy compared to the
bottom drag. This is to be expected because the Stommel layer is much narrower than the
Munk layer. Thirdly, lateral viscosity is strongest near the Charney scale where the eddies
are generated and then decays at larger scale (where it is not an effective means of removing
energy) and at smaller scales where this is little energy to dissipate. This is in contrast to
the bottom drag that is very strong at the basin scale and also the Rossby radius since these
are the two scales that contain most energy.

The transfers (and fluxes) of the terms that have no net contribution are presented in
subplots (a) and (b) in Figure 7. The Coriolis and pressure terms create a direct cascade of
energy from the gyre scale to smaller scales. In the mesoscale we see that they are nearly
mirror images of each other, again because geostrophic balance holds to leading order. It is
interesting to note that there are oscillations in these curves in the mesoscale regime that
indicate there is a rather complex transfer of spectral energy across scales. The effect of the
nonlinear advection is rather different and will be addressed in the discussion of the next
figure.

In Figure 8 we compare the spectral transfer (and fluxes) of the nonlinear advection in the
SW and QG simulations. Qualitatively, the two simulations are in good agreement. They
confirm that there is a strong inverse energy cascade that increases the energy at the gyre
scale due to vortex mergers. As is evident from the spectral flux, there is also a relatively

weak direct energy cascade around the Charney scale. This direct cascade is reminiscent of
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the simulations of reduced gravity dynamics in Zhai et al. (2010) and is also believed to be
due the effect of the western boundary. On closer examination, it appears that the spectral
flux at the submesoscale extends down to the grid scale with a magnitude of O(107'®) for
both the QG and SW runs. However, the basic assumptions of QG are violated in this regime
since the Rossby number is order one. In contrast, the SW model accurately describes the
barotropic motions at this scale as long as the hydrostatic approximation is not violated.

The spectral transfers are also highly oscillatory in the mesoscale regime, but there are
some clear differences between the QG and SW models. Both have a very strong positive
peak, indicating that large amounts of energy are transferred to the external Rossby radius of
deformation. However, the peak is larger and narrower in the SW regime. These differences
are also visible in the spectral flux. We attribute this to the fact that the SW model is more
sensitive to how the dynamics change at different length scales.

The strong indirect and weak direct energy cascades described above were previously
observed in Nadiga and Straub (2010) in the context of the double gyre in a one layer QG
model. Here we have confirmed that these effects are also present in the SW regime and
emphize that the details at the submesoscale are better described by the SW model. Our
simulation results are very similar to their case G2. One distinction is that they find that
the spectral flux due to nonlinear advection at the synoptic scale is positive, whereas we find
that it is negative. When we computed the spectral transfers in the QG using the vorticity
formulation we found curves very similar to theirs. It is unclear to us why there is this
discrepancy in the two methods, but believe that it is likely due to the aperiodicity of the

gyre and the way in which the flows are extended in the two different formulations.

6. Conclusions

We have revisited the classical problem of barotropic wind-driven gyre flow, comparing

the results of QG and SW simulations. The novelty of our approach lies in our ability to
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resolve the gyre scale, mesoscale and, at least partly, the submesoscale dynamics using the
SW model. We have shown that there is a unique choice to model the vital effect of lateral
friction that follows from reducing the viscous term in the three-dimensional equations of
motion to the hydrostatic, two-dimensional limit. The resulting dissipation is nonlinear, but
should be more accurate in its effect on the small scale motions.

To analyze the kinetic and potential energy spectra we have used a wavelet-based ap-
proach. Because this method is very slow we instead used a Fourier based method to com-
pute the spectral transfers and fluxes. When integrated over the entire domain the Wavelet
method yields the same spectra as that obtained from the classical approach, however it
produces smoother spectra and allows for better resolution of the large scales. Furthermore,
we have presented the wavelet spectra for the SW and QG simulations integrated over a
turbulent region away from the WBC. This revealed that the SW model has three distinct
dynamical regions in comparison to QG that only has one. The reason why the global spec-
tra are so similar is because the mean WBC, which is the most energetic feature in the basin,
is almost identical in the two models.

We have fully quantified the energy cascade in the SW model, since it more accurately
resolves the entire range of active scales than the QG model. When the sub-grid scale
viscosity is sufficiently small we simulated the dynamics of a turbulent WBC. The power
spectrum of the total kinetic energy has a shallow —5/3 scaling in the mesoscale regime
because of the strong inverse energy cascade. Then for smaller scales there is a transition
at the Charney scale where the spectrum becomes —5, that is attributed to the viscous
forces that are dominant near the grid scale. This dual power-law spectrum is consistent
with simulations of forced two-dimensional turbulence using the Navier—Stokes equations,
although the underlying equations are different and the wind-stress forcing in our simulations
is more physically realistic. In the barotropic submesoscale regime the PE spectrum is
much shallower than that consistent with geostrophy, which indicates a break of geostrophic

balance, as is typical of submesoscale motions. The spectral fluxes confirmed that there

29



635

636

637

638

639

640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

658

659

660

661

is a strong inverse energy cascade, but also showed a weaker direct energy cascade that
extends down to the grid scale. This small direct energy cascade is significant since in
the oceans energy must be eventually transferred to the smallest, three-dimensional, scales.
Even though this direct energy cascade occurs in both the QG and SW simulations, it is
only accurately described in the SW model.

Of particular interest here is the interplay of the range of scales where the potential
enstrophy cascade —3 slope occurs. In the doubly-periodic case, this cascade only occurs in
exclusion of the energy cascade in either direction. It has been hypothesized that western
boundary currents or submesoscale dynamics might allow some variation in this story. The
boundaries do seem to have some effect, as there is a weak forward energy cascade over
the same range of scales as the —3 spectral slope. Intruigingly, this result occurs in QG,
(consistent with Nadiga and Straub 2010), but barotropic submesoscale dynamics do not
appreciably enhance this forward cascade. While loss of balance or radiation of gravity
waves can occur here, these effects are negligibly weak in terms of energy flux.

A highlight of our work is the important role boundaries play in determining spectral
energy transfers. In two-dimensional simulations of turbulence it is well established that QG
turbulence in a periodic domain predominantly transfers energy to large scales and cannot
generate a significant direct energy cascade. However, in the presence of a solid boundary,
the conservation of mass forces a strong return flow along the western boundary, the size of
which is determined by the sub-grid scale viscosity. Strong, narrow, WBCs can be viewed
as injecting energy at scales larger than the Munk boundary layer width, which can then be
transferred to large scales by two-dimensional turbulence. This modifies the different energy
spectra and spectral fluxes because the SW model is more sensitive to the changes in the
length scale of the flow than the QG model.

This research has established the machinery to accurately resolve a wide range of length
and time scales in geophysical flows. As a first step we focused on a barotropic SW model

because of its historical significance and the fact that every ocean model posses a barotropic
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mode. Future work will extend this investigation by introducing three important features:
stratification, topography and realistic winds, since they are well known to alter the ki-
netic energy transfer in currents such as the WBC (Poulin and Flierl 2005; Poulin 2010;
Poulin et al. 2010). Introducing realistic coastlines is desirable, but problematic because
our methodology does not extend well to non-rectangular domains. Using a wavelet-based
method along with an adaptive grid is a powerful approach that is currently being developed.
We hope that this research programme will improve our understanding of the interaction be-
tween the mesoscale and submesoscale, and thereby aid in the development of more accurate
parameterizations for climate and weather models.
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TABLE 1. This is a sample table caption and table layout. Enter as many tables as necessary
at the end of your manuscript. Table from Lorenz (1963). Lengths are all in are in kilometers.

v(m?/s) 0y  O0r b5 dgn  Re grid Nz x Ny mncpus behaviour
1.6000 x 10° 200 60 50 0.7 0.03 24 256 x 256 16 laminar
2.0000 x 10* 100 89 25 16 07 24 256 x 256 16 laminar
2.5000 x 103 50 128 125 3.3 17 12 512 x 512 32 laminar
3.1250 x 10? 25 166 6 5.5 293 59 1024 x 1024 64 eddies
3.9062 x 10! 125 184 3 6.8 3190 2.9 2048 x 2048 128  turbulent
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—5 that match with the slope of the KE in the intermediate and dissipative
ranges.

Subplots a) and b) show the vorticity fields of the QG and SW simulations at
day 300 well after turbulence has been generated in the north-west corner. The
white square depict a subdomain that is removed form the WBC and contains
a turbulent region. Subplots ¢) and d) show the corresponding spectra for the
QG and SW simulations, respectively. The different spectra that we present
are 1) Wavelet transform for the entire basin, 2) Wavelet transform for a region
in the south-western quadrant that is laminar and 3) Wavelet transform for

the subdomain in the north-west quadrant.
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the Fourier approach by averaging the fluxes from days 400 to day 700. The
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Spectral flux of the kinetic energy in the SW model due to the nonlinear
advection (T%), the sum of the pressure and Coriolis terms (beta) and the
forcing and dissipation terms (tau+nu+r). This is obtained using the Fourier
approach by averaging the fluxes from days 400 to day 700. The three dashed
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Spectral transfers (7)) and fluxes (IIz) due to nonlinear advection computed
for the SW and QG simulations obtained using the Fourier approach by av-
eraging the fluxes from days 400 to day 700. The three dashed vertical lines
indicate the wavenumber of the external Rossby radius of deformation, the
Charney scale and the Munk layer thickness from left to right, respectively.
In each subplot we have a zoom of the largest wavenumber that are resolved

to indicate that there is a direct energy transfer from the larger scales.
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Fi1c. 1. Plots of the zonal slice of the mean meridional velocity through the centre of the
domain for both the SW and QG simulations. As well, we plot vertical lines that indicate
the width of the Stommel and Munk boundary layers.
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Fi1G. 2. Plots of the time-series of kinetic energy, potential enstrophy as defined in QG,
available potential energy and potential enstrophy in SW for the five different SW simulations
that we previously defined.
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1D KE spectra (perturbation KE)
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Fic. 3. Azimuthally integrated, time-averaged, one-dimensional energy spectra of kinetic
energy, potential energy (multiplied by k?), kinetic energy in the QG run, zonal velocity and
meridional velocity calculated using the wavelet transform for the total solution between
days 300 and 305. The two straight lines that are superimposed have slopes —5/3 and —5
that match with the slope of the KE in the intermediate and dissipative ranges.
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1D Energy Spectra (total KE)
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FiG. 4. The azimuthally integrated, time-averaged, one-dimensional energy spectra of kinetic
energy, potential energy (multiplied by k? and a constant), zonal velocity and meridional
velocity for the perturbation solution between days 300 and 305. The two straight lines
that are superimposed have slopes —3 and —5 that match with the slope of the KE in the
intermediate and dissipative ranges.
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F1a. 5. Subplots a) and b) show the vorticity fields of the QG and SW simulations at day 300
well after turbulence has been generated in the north-west corner. The white square depict
a subdomain that is removed form the WBC and contains a turbulent region. Subplots
¢) and d) show the corresponding spectra for the QG and SW simulations, respectively.
The different spectra that we present are 1) Wavelet transform for the entire basin, 2)
Wavelet transform for a region in the south-western quadrant that is laminar and 3) Wavelet

transform for the subdomain in the north-west quadrant.
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F1G. 6. Spectral transfers and fluxes of the kinetic energy in the SW model due to the wind
forcing, lateral viscosity and bottom drag. This is obtained using the Fourier approach by
averaging the fluxes from days 400 to day 700. The three dashed vertical lines indicate the
wavenumber of the external Rossby radius of deformation, the Charney scale and the Munk
layer thickness from left to right, respectively.
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Fi1G. 7. Spectral flux of the kinetic energy in the SW model due to the nonlinear advection
(T ), the sum of the pressure and Coriolis terms (beta) and the forcing and dissipation terms
(tau+nu+r). This is obtained using the Fourier approach by averaging the fluxes from days
400 to day 700. The three dashed vertical lines indicate the wavenumber of the external
Rossby radius of deformation, the Charney scale and the Munk layer thickness from left to
right, respectively.
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Spectral Transfer: T

F1a. 8. Spectral transfers (7)) and fluxes (II;) due to nonlinear advection computed for
the SW and QG simulations obtained using the Fourier approach by averaging the fluxes
from days 400 to day 700. The three dashed vertical lines indicate the wavenumber of the
external Rossby radius of deformation, the Charney scale and the Munk layer thickness from
left to right, respectively. In each subplot we have a zoom of the largest wavenumber that
are resolved to indicate that there is a direct energy transfer from the larger scales.
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