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ALGORITHMS FOR REFLECTING RAYS FROM GENERAL TOPOGRAPHIC SURFACES
IN A RAY TRACING PROGRAM

R.M. Jones

ABSTRACT

Algorithms for reflecting rays from general terrain models
are presented. They enable a programmer to translate flow charts
into computer program subroutines for three-dimensional ray-
tracing computer programs that calculate ray paths by numerical
integration of Hamilton's equations. The surface of the terrain
can be expressed either by giving height as a function of longi-
tude and latitude or as a function of the form f(r, 6, ¢) = 0,
where r, 0, and ¢ are earth-centered spherical polar coordinates.
In either case, the terrain model must specify partial derivatives
of the function including second derivatives, and all specified
derivatives must be continuous functions of the arguments. De-
tailed flow charts and equations are given for the following
subtasks:

1) Estimating when the ray may intersect the terrain surface.

2) Recognizing that the ray may have intersected the terrain surface
between integration steps.

3) Stepping the ray to the point of intersection with the surface
by numerical integration.

4) Reflecting the ray at the surface.
Although designed for atmospheric or underwater acoustic waves,

most of the algorithms are general enough to apply to the propa-
gation of other kinds of waves.

1. INTRODUCTION

When we calculate a ray path through an inhomogeneous medium, we use
Hamilton's equations to calculate the bending of the ray in regions where the
medium varies continuously with position. However, when the propagation
properties change discontinuously across a surface (such as an air-land or
air-water boundary), we must use Snell's law to calculate the discontinuous

change in direction of the ray as it crosses the surface into the new medium,



or we must use the appropriate reflection condition to calculate the dis-
continuous change in the direction of the ray as it reflects from the surface
of discontinuity. An efficient, general, ray-tracing program must therefore
combine a numerical integration scheme in the continuously varying regions

with an algorithm to handle discontinuities at surfaces.

When calculating the ray path in one of the continuously varying regions
by numerical integration, it would not be appropriate to include discontinui-
ties at surfaces that separate continuously varying regions, because standard
numerical integration algorithms could not correctly treat the discontinuity.
(A correct treatment would involve the integration of a Dirac delta function,
an impossible feat for numerical integration.) Rather, it is more appropriate
to extend the first medium across the boundary in a smooth, continuous way.
Then, as the numerical integration proceeds, step by step, it is necessary to
detect when the ray has crossed the boundary. At that point, it is necessary
to reverse the direction of numerical integration, and by successively smaller
steps, find the intersection of the ray with the surface of discontinuity
within some specified tolerance. Then the ray can be appropriately refracted
to start numerical integration in the new medium, or appropriately reflected

to continue numerical integration in the old medium.

Figure 1 is an example of a ray path that illustrates both refraction and
reflection at discontinuities. Figure 2 is a four-part account of how the ray

path is calculated in the region of such a surface of discontinuity.

air

T
%y

earth

Figure 1.--An example of a nay path (LLustrating regraction and reflection at
sungaces of discontinuity of the medium, in this example, for sound
propagation in the ocean.



Detecting that the ray has crossed the surface of discontinuity is quite
straightforward for the example shown in Fig. 2a. Figure 3 shows a more
difficult example in which the ray crosses the discontinuity twice. It is
difficult to distinguish such a ray path from the example in Fig. 4 knowing
only the ray path coordinates and ray directions between the integration steps
(shown by dots in Figs. 3 and 4). A further difficulty is that iteration of
the numerical integration in Fig. 3 might lead to finding the wrong inter-
section with the surface of discontinuity, a problem shared by the example in

Fig. 5.

Although infrequent, the difficulties illustrated in Figs. 3, 4, and 5
occur often enough that any useful algorithm must be able to handle them.
These difficult cases obviously occur more often when large integration steps
are used. This report is devoted to finding algorithms that can handle these
difficult cases in addition to the straightforward cases. With these al-
gorithms it is possible to translate flow charts into computer program sub-
routines that add to a ray-tracing program the capability to reflect rays

from topographic surfaces.

This report treats only those cases in which the surfaces of discon-
tinuity separating the regions where the media vary continuously are smooth
surfaces that have no edges where the surface slope is discontinuous. Thus
wedge-shaped surfaces, for example, are not considered here. Not only are
diffraction effects important at such edges, but some of the algorithms de-

veloped in this report may not work properly for surfaces with edges.

In addition, the algorithms developed here may not always properly handle

surfaces that contain caves or tunnels.

At each integration step in the ray path calculation, we assume that the

following information is available:

1) The position of the ray point (r, 0, ¢) in spherical polar (earth-

centered) coordinates.
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<— Figure 2.--A sequence showing how a ray path 48 caleulated in the region
0§ a surface of discontinuity. The raypaths are curved because the
media are inhomogeneous. Dots indicate numerical integration sLeps.
a) Recognition that the ray has crossed a sunface of discontinuity.
The numberns indicate successive positions of the ray between inte-
ghation steps. b) Iteration by numerical integnation to the sur-
face of discontinuity. The numberns indicate successive positions
0§ the nay during the iteration process. This process nomumally con-
verges fasten than shown. c) The nefracted ray ready fo start nu-
menical integration in the new medium. d) The nreglected nay ready
to stant numerical integrnation in a new direction in the oniginal
medium.
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tc | | |

Figute 3.--A ray crossing a surface of discontinuity and crossing back again
between integration steps. An algornithm that checked only if the ray
point at integration steps were in a different medium would miss such
Anternsections with the sunface.

ray path
2

1 N\
surface of

# terrain

Figure 4.--A nay path that nealy intersects a swiface of discontinuity. 1%
is sometimes difficult for an algornithm to distinguish between this
situation and that in Fig. 3 by examining the ray only at integhation
Ateps.
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Figure 5.--A nay crossing a surnface of discontinuity. An algornithm that is
too simple might step the ray by numenical integhation sieps o the wrong
intersection with the surface in ornder to neflect the ray.

2) The Cartesian components (kr,'ke, k¢) of the wave vector (a vector point-
ing in the wave-normal direction and normalized so that the magnitude equals

the wavenumber).

3) The accumulated group time delay, t, of the ray, (which is also the in-

dependent variable for the numerical integration).

4) The derivatives

t ' dr/fdt (1.1)
0 = a6/at (1.2)
&) = d¢/dt (1.3
1.:1_ = dkr/dt (1.4)
ky = dkg/dt (1.5)
£¢ = dky/dc (1.6)



We will assume also that the values of any of these variables can be saved
from one step to the next for comparison. In particular, we will use the

following approximations,

Feo(E(t) - 1)/ (e, - tp) (L.7)
6 =~ (6(ty)) - 68(t)))/(t, - ) (1.8)
§ = (@e) - BED /() - t) (1.9)

which allow us to estimate the curvature of ray. In using the algorithms
presented here, it would probably be useful to incorporate a test of the

validity of the above approximations.

Although not all the algorithms presented in this report have been tested
in a ray-tracing program, most of them are extensions of simpler algorithms
designed to deal with the intersection of rays with a spherical earth when the
step length is large. These simpler versions have been extensively tested in

the ray-tracing program of Jones and Stephenson (1975).

2, SUMMARY--HOW TO INCORPORATE THESE ALGORITHMS INTO A HAMILTONIAN
RAY TRACING PROGRAM

Suppose you have a ray tracing program that calculates ray paths by
numerically integrating Hamilton's equations. You can modify that program
to handle reflections from some sort of topographic terrain model. Figure 6
is a flow chart showing how that can be done with the algorithms developed
in this report. Blocks in that flow chart may represent complicated algo-
rithms. Algorithms that are represented in more detail are identified with
asterisks. The supporting detail in several instances is another flow chart,
which also may contain references to additional supporting detail. The pro-
cess of expanding detail continues thus until the complete algorithm is well

defined.



Writing a subroutine for each flow chart would divide the total task into
manageable units. Figure 6 is a flowchart for a simple Hamiltonian ray-
tracing program including algorithms for reflecting rays from terrain. At the
start of the flow chart, we are at the start of the ray path, which is at the
source or transmitter. In the first block of the flow chart, the algorithm
initializes all of the variables that are being numerically integrated along
the ray path. These include the position and direction of the ray and other

variables such as the phase of the wave and path length.

The second block simply tests to see if the ray has crossed the receiver
surface the specified number of times. If it has, the calculation of that

ray path is finished.

The third block is the basis of any Hamiltonian ray tracing program.
It requires a general algorithm for numerically integrating a system of
ordinary differential equations, possibly with error checking. The equations
to be integrated are Hamilton's equations plus any additional equations, and a
subroutine to evaluate these equations is necessary. The evaluation of
Hamilton's equations depends on evaluating partial derivatives of the wave
dispersion equation, which requires a subroutine. These partial derivatives
in turn depend on the spatial variation of the propagation medium, and sub-
routines are necessary to evaluate various aspects of the propagation medium,
such as wind velocity, sound speed, and temperature. The present report does

not discuss this block further.

The fourth, fifth, and sixth blocks are the subject of this report.
The operations in those three blocks take place after each numerical inte-
gration step in block three. Block four checks to see if the ray has crossed
the receiver surface in the downward direction, and if it has, it finds the

intersection with that surface.

Block five checks to see if the ray has crossed the terrain surface,
and if it has, it finds the intersection with the terrain and reflects the ray

from the surface.



Initialize all integration variables, including
the ray position and ray direction.

Crossed

Yes :
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<— Figure 6.--Flow chart fon a simple ray-thacing progham that uses the al-
gonithms developed in this neport.

. This bLock is the basis for any Hamiltonian ray-tracing progham.
1t requines a genenal algornithm forn numerically Ainteghating a sysiem
0§ ondinarny differential equations (Hamilton's equations), possibly
with eron checking. 1t 45 not the subject of the present neport.

**  See Fig. 9 fon the details of the algornithm that checks fon the
nay cnosding the neceivern surface and handles it appropriately.

¥¥*  See Fig. & fon the details of the algornithm that checks forn the
nay crossing the terrain surgace and handles Lt appropriately.

*EEX This is to avoid spending a fontune in computern costs Lif some-
£thing goes wrong.

11



Block six checks to see if the ray has crossed the receiver surface
in the upward direction, and if it has, it finds the intersection with that

surface.

Any receiver surface can be chosen that contains the receiver (or ob-
server), but it is usual to choose a simple surface such as a horizontal or
vertical plane or a sphere concentric with the earth. If the observer is on
the ground, it may be useful to choose the receiver surface to coincide with

the terrain surface.

All the algorithms presented that handle receiver surface crossings

and terrain could be incorporated similarly into other ray-tracing algorithms.

3. ALGORITHM FOR THE TERRAIN CHECK AFTER EACH NUMERICAL INTEGRATION STEP

The key to solving the problem of reflection or refraction at a boundary
is to separate the problem into a hierarchy of subtasks. Figure 7 repre-
sents that hierarchy pictorially. The more primitive subtasks are repre-

sented by the blocks on the bottom.

In this section we describe the general organization of the terrain

problem, and how it depends on three subtasks:

1) Recognizing that a crossing of the surface may have occurred.

2) Stepping the ray by numerical integration to reach the point of crossing.
3) Performing the process of reflection or refraction.

In so doing, we will assume (or require) that the subtasks lower in the
hierarchy have certain properties. In addition to the obvious, these are the

following:

1) In recognizing that a crossing of the terrain surface has occurred, the

algorithm must make sure that the crossing is in the correct direction (that

12



algorithm to
manage terrain detection and ray reflection
after each numerical integration step
(see section 3) :

to detect to step or
ray may have to the the ray
intersected point of at the
surface see section 6. (see
(see section 5. ( ) section 7.)
estimate time of .
dﬁtgft crossing algcf;g:hm general
ray (see section 8.) _numerigal so]g;mn
has local approximation to integration the
crossed ray and to surface of a di '
surface y . system ispersion
of of terrain of relation
terrain (see section 8) ordinary sec(tsigﬁ 2
(see mathematical model differential )
section 5.) for surface of terrain equations
(see section 8.)

Figure 7.--A symbolic nepresentation of the dependence of the solution to the
ternain problem on more primitive algornithms. 1In each case, algornithms
Ain upper blocks depend on those in Lower bLocks. One could Lhink of this
diagham as an organizational chart. While this diagham presents the
hierarnchy in the structurne, it does not present the ordern on sequence o4
operations. The sequence 0§ operations corresponding to the top block 44
shown in the §low charnt in Fig. 8, and that for othern blocks L5 shown 4in
othen §Low charts.

is, from above the terrain to below the terrain). In addition, the algorithm
must estimate the time (group travel time, the independent variable for the

integration) of crossing.

2) In stepping the ray by numerical integration to the point of crossing, it
may sometimes happen that the ray actually misses the terrain. In that case,
it seems most appropriate to have that algorithm find the point of closest

approach.

13



3) Reflecting the ray is simple in an isotropic medium, but more complicated
in an anisotropic medium, because there, the angle of reflection does not

necessarily equal the angle of incidence.

Figure 8 is a flow chart that demonstrates how the above three subtasks
are used to handle the terrain reflection problem. The figure caption gives

more details.

4. APPLICATION TO THE RECEIVER CHECK AFTER EACH NUMERICAL INTEGRATION STEP

The ray paths that connect a given transmitter and receiver may be found
either by trial-and-error or by interpolating between ray paths that pass the
receiver on opposite sides. A straightforward way to get the ray path infor-
mation needed for such an interpolation is to define a surface (such as a
horizontal or vertical plane) that passes through the receiver, and then

record the intersection of each ray path with that plane.

Clearly, we can find the intersection of the ray path with such a surface
if we can find the intersection of the ray path with a topographic surface
discussed in the previous section. However, because we do not want to reflect
or refract the ray at the surface, only two of the three subtasks are needed

here. However, there are three differences:

1) If the ray path makes a closest approach to but does not intersect the

surface, we want to record that event.

2) 1If the receiver is on the terrain, then we may want to choose the receiver

surface to coincide with the terrain.

3) We will be interested in both upgoing and downgoing crossings of the

surface (but the crossing of interest will alternate).
Figure 9 is a flow chart that includes these three differences. Al-

though the receiver problem is not the main subject of this report, the ob-

vious application made it worth mentioning.

14



The receiver check should be performed before the terrain check to handle
correctly the cases where the ray crosses the receiver surface and the terrain
surface in a single integration step. (This assumes the receiver is not below

the terrain.)

5. RECOGNIZING WHEN THE RAY MAY HAVE INTERSECTED A SPECIFIED SURFACE

If we look again at Fig. 7, we see that recognizing that the ray may have

crossed a specified surface depends on two more primitive subtasks:

1) Recognizing that the ray actually did cross the surface, and

2) Being able to estimate the time when an intersection may have recently

occurred or will occur in the near future.

In the former, the ray point at an integration step has actually been
found to have crossed the surface (as illustrated in Fig. 5); in the latter,
only a prediction of an intersection with the surface has been made (such as
the point t. in Fig. 3). In this section, we consider three algorithms for
recognizing when the ray may have intersected the surface. We shall start
with the simplest, and add more complexity. The simplest algorithm will
sometimes miss the occurrence of an intersection that the more complicated

algorithms will recognize.

5.1 Simple Method

Figure 10 shows the flow chart for the simplest algorithm for recognizing
that the ray may have intersected the surface. The algorithm can recognize the
situation shown in Fig. 5, because one of the ray points is actually below
the terrain. It would be able to recognize the possible intersection in Fig. 3
because the ray was going toward the surface in the earlier step, and away
from the surface in the later step. (However, it would have difficulty in

distinguishing between the cases in Figs. 3 and 4 when the ray path either

15
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Table 1l.--Details of performing a ground reflection

1, Change the sign of the component of the wave vector normal to the
terrain surface. Adjust the magnitude of the normal component of
the wave vector to satisfy the dispersion relation. Equation
(7.15) gives the components of the wave vector of the reflected
acoustic wave in terms of the components of the wave vector of
the incident acoustic wave.

2. Remember that the numerical integration routine must be told to

begin a new integration rather than continue a previous inte-
gration.

3 Create output as appropriate--normally a line of printout and a
record of machine-readable output to indicate that the ray is at
a ground reflection.

<— Figune 8.--Flow chart fon the algornithm that manages terrain detection
and rnay neflection agtern each integration step. Asterisks nefen to
the following:

*  See Figs. 10, 12, or 13 fon details of three vernsions of the al-
gonithm that predicts whether the nay may have crossed a specified
Aurface.

**  See Fig. 17 forn the details of stepping the nay to the crossing
point by numerical integration.

***  See Table 1 for the details fon neflecting an acoustic wave.
*HEX Use equation (8.19) or (8.38) to estimate the time of crossing
a specipied surface.

17
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<— Figure 9.--FLow chart for applying the algornithms to check fon the inter-
section of a nay with receiven surface aftern each integhation siep.
Asternisks negen to the gollowing:
*  See Figs. 10, 12, on 13 for details of three vernsions of the
algonithm that predicts whether the nay may have crossed a specified
Aurface.

*¥%

See Fig. 17 fon the details of the algorithm that steps the ray
to a crossing on closest approach by numerical integration.

***  Soe Table 1 forn the details for neflecting an acoustic wave.

19



*
> estimate time ray may
of crossing cross surface

Yas.g orﬁ,

##

do
we predict
an intersection
with surface?

ray
going away from,

after going
toward
surface?

ray doesn’t e:tl msi:te time tn;
cross or make closest approac

a closest
closest approach
to surface J/

approach
to surface
Figure 10.--FRow chart fon the simple vernsion of the algorithm that predicts
whether the nay may have crossed a specified surface. Asterisks refer
to the following:

’ Use equation (8.19) on (8.38) to estimate the time of crossding 4in a
specified direction.

**  Use the inequality (8.16) on (8.35) to predict the occuwrrence of
an internsection with the surface.

**%  Use equation (8.18) on (8.37) to estimate the time of closest
approach to the surgace.
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/ ray path

Figure 11.--A nay crossing a surface of discontinuity and
cnossing back again between integration steps. The
simple algonithm in Fig. 10 would noi detfect the
crosAings.

just missed hitting the surface or just barely intersected the surface. Even
the more complicated algorithms will have this difficulty.) Figure 11 shows a
case that the algorithm in Fig. 10 will not catch because the ray is going
toward the terrain at both integration steps. The following more complicated

algorithms can handle this case.

5.2 Partial Prediction Algorithm

Figure 12 is a flow chart for the partial prediction algorithm. The
algorithm is able to recognize the first intersection with the terrain in
Fig. 1l because it uses the prediction (made at time tl) of that intersection.
At each integration step it predicts whether a simple extrapolation of the ray
path and the terrain will intersect, and if so, when such an intersection (in
the right direction) will occur. However, it waits until the predicted time of

crossing is past before it searches for the intersection.

The algorithm in Fig. 12 is wasteful in the following way. It would have
been possible already at step tl (in Fig. 11) to have realized that an inter-

section was likely to occur within the next step. The full prediction al-

gorithm, to be discussed next, will take that into account.
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<— Figure 12.--Flow chant for the partial prediction version of the algo-
nithm that predicts whethen the ray may have crossed a specified
sunface. Asterisks refen to the following:

* Use equation (§.19) on (8.38) to estimate the Lime of crossing
in a specigied direction.

**  Use the inequality (8.16) on (8.35) to predict the occuwurence

04 an {intersection with the surgace.

**%  Use equation (8.18) on (8.37) to estimate the time of closest
approach to the surgace.
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5.3 Full Prediction Algorithm

Figure 13 is the flow chart for the full prediction algorithm. Although
the full prediction algorithm does not recognize any additional intersections
of the ray with the surface, as compared with the partial prediction algo-

rithm, it does so sooner, and therefore saves computer time.

5.4 Prediction Methods for Recognizing a Closest Approach

The algorithms discussed so far have recognized not only intersections
of the ray path with the surface, but also points of closest approach to the
surface. In all three algorithms, however, the method was simple, and was
equivalent to the algorithm represented in Fig. 14. Although the algorithm in
Fig. 14 does not distinguish between an intersection with the surface and a
closest approach, the assumption is that an intersection with the surface has

already been looked for and not found.
However, as with trying to recognize intersections, the simple algorithm

in Fig. 14 will not recognize all closest approaches. For example, Fig. 15

shows two cases that will be missed by the algorithm in Fig. 14. In the upper
diagram in Fig. 15, the ray is going toward the surface in both steps, and in
the lower, away from the surface in both steps.

Figure 16 shows a full prediction algorithm that would recognize closest
approaches such as those in Fig. 15,

6. STEPPING THE RAY TO THE INTERSECTION BY NUMERICAL INTEGRATION

If we look again at Fig. 7, we see that stepping the ray to an inter-

section by numerical integration depends on two primitive subtasks.

1) Being able to estimate the time of occurrence of an intersection.
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2) Having a general numerical integration method for a system of ordinary

differential equations.

Section 8 gives the algorithms for the former. We assume that the latter

exists as part of the ray tracing program.

Here we discuss how we use these two features to step the ray to the point
of intersection. Of course, as we approach the point of intersection by
stepping the ray with numerical integration, we must have the ability to

refine the estimate of the time of occurrence of the crossing.

Figures 17 through 22 are flow charts of the algorithm for stepping the
ray to an intersection. Figure 17 shows the overall algorithm. The other
five figures show details. Notice that Fig. 17 includes also an algorithm for

finding a closest approach.

Notice that the first thing the algorithm does ("initial test" in Fig. 17)
is step to the time estimated for the intersection or closest approach. At
that point the algorithm checks to make sure that the ray is near an inter-
section (in the right direction) or a closest approach. If not, and if the
case is not one in which the ray is nearly grazing the surface, it simply
prints an error message and quits. If the algorithm that estimates the time
of intersection (or time of a closest approach) is working correctly, the
error exit should never be needed. Figures 18 and 19 give the details of the

"initial test" algorithms.

Next the algorithm tries to find the intersection (or closest approach)
by successive iteration and refining the estimate of when the intersection
(or closest approach) occurs. During this process, the algorithm may discover
a closest approach when looking for an intersection or discover an intersection
when looking for a closest approach. This is to be expected, because there
will always be borderline cases where the original estimate is wrong. When
the algorithm discovers a closest approach while looking for an intersection,
it simply switches and begins looking for the closest approach; the algorithm

switches similarly for the opposite case.
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<— Figure 13.--Flow chant forn the full prediction version of the algorithm
that predicts whether the ray may have crossed a specified surface.
Asterisks negen fo the folLowing:
* Use equation (8.19) on (8.38) to estimate the time of crossing
in a specigied direction.
¥ Use the inequality (8.16) on (8.35) to predict the occwurence
o an internsection with the surface.
***  See Figs. 14 on 16 for two versions of the algorithm that pre-
dicts whether the nay may have made a closest approach to a speci-
fied surface.
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<— Figure 14.--Flow chart for a simple vernsion of the algorithm that pre-
dicts whethen the nay may have made a closest approach to a speci-
fied surgace.

¥

Use equation (8.18) orn (8.37) Zo estimate the time of closest
approach to the sutface.

<— Figure 15.--Two examples of a ray that makes a closest approach Zo a

surface. The simple algornithm in Fig. 14 would not detect the
closest approach in eithern of these cases.
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<— Figure 16.--Flow chart for a §ull prediction algonithm that predicts
whether the nay may have made a closest approach to a specified
sungace.

* Use equation (8.18) on (8.37) to estimate the tLime of closest

approach to the surface.
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<—Figune 17.--Flow charnt for the algonithms to step the ray 1o a crossing
0§ on closest approach to a specified surface. Asternisks refer Zo
Zhe following:

2 See Fig. 18 fon details of the algornithm to do an initial tesit
gor stepping the ray to a crossing.

**  See Fig. 19 fon details of the algonithm to do an initiak test
fon stepping the nay to a closest approach.

*%  Soe Fig. 20 forn details of the algonithm that steps the ray by
numerdical integration to a crossing of a specified surgace.

*E%% Qoo Fig. 21 fon details of the algonithm that steps the ray by
numenical integration to a closest approach to a specigied surface.

¥ERE® Use equation (8.15) on (8.34) to estimate the time of chossing
Ain a specified dirnection.
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<— Figure 18.--FLow charnt forn the algorithm Zo do an initial test gorn stepping
the nay %o a crossing. Astenisks nefern to the following:

*1 See Fig. 22 forn details of the algornithm that sieps the ray o a
specdgdled time.

*7 15 the nay goding up if S = +1 on goding down if S = -17 The de-
sined dirnection S has been set in an outer afgorithm.

*3 15 the nadicand 4in (8.15) on (8.34) equal to zero within some
ftolenance? The appropriate tolerance may have fo be detenmined by
experimentation.

*4 Use the inequality (8.16) on (8.35) to predict the occurrence
"0f an intfersection with the surface.

*5 Use equation (8.18) on (8.37) to estimate the time of closest
approach to the surface.

*6 Use equation (8.15) on (8.34) zo estimate the time of crossing
in a specified direction.
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<— Figure 19.--FLow chart fon the algornithm that does an initial test gon
stepping the nay to a closest approach. Astenisks nefer Zo the

gollowing:
*  See Fig. 22 fon details of the algonithm that steps the ray
to a speciffed time.

** 14 the nadicand in (8.15) on (8.34) equal to zero within some
tokerance? The appropriate Zolerance may have to be detenmined by

experimentation.

*#%  (se equation (8.15) on (8.34) to estimate the Zime of crossing
in a specdified direction.
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<—Figune 20.--FLow chart fon the algornithm that steps Zhe ray by numenical
integration to a crossing of a specified surface. Asterisks refer
to the gollowing:

* Use equation (8.19) on (8.38) to estimate the time of the

cnossing of the surface.

** The step size should be no Larger than that used by the nu-
merical integration routine to maintain accuracy An the enror-
checking mode.

***  About 0.5 x 1074 k.

#%%% About 1 km (on 3 seconds gor acoustic waves).
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<—Figurne 21.--Flow chart forn the algonithm that steps the ray by numerical
Aintegration to a closest approach to a specified surface. Asterisks
nefern to the gollowing:
* Use equation (8.18) on (8.37) to estimate the time of closest
approach to the surgace.
**  The step size should be no Langen than that used by the nu-
merical integration routine to maintain accuracy 4in the erron-
checking mode.

*¥*%  About 10_6 when both n and t are in the same units (usually km).

*¥%% About 1 km (on 3 seconds fon acoustic waves).
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- Figure 22.--Flow chart forn the algonithm that steps the ray by numerical
Aintegration to a specified time. Asternisks nefer to the gollowing:

2 The step size should be no Larger than that being used by the
numerical integration routine to maintain accuracy An the erron-
checking mode.

**  Duning ewron checking, the Adams-Moulton predictorn-comrecton
numerical integration method sometimes advances the ray 4 steps at
once. It might nequire 4 steps to move the rnay back to the place

where the nay crossed the surgace.
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7. REFLECTING OR REFRACTING THE RAY

Once the intersection with the terrain has been found, the ray must be
properly reflected. For an isotropic medium, this is straightforward. The al-
gorithm must first project the wave vector into two components parallel to the
surface and the component perpendicular to the surface. It then changes sign

on the component perpendicular to the surface.

An anisotropic medium is more difficult. The two components parallel to
the surface remain unchanged, as before, but the component perpendicular to the
surface must be changed so that the dispersion relation is satisfied. Al-
though this principle is the same for all media, the solution depends on the
dispersion relation. At this point, we must specialize to the particular
medium of interest, namely, acoustic waves in the presence of winds (or cur-

rents in the case of underwater acoustics).

We need to first separate the wave vector k into components perpendicular
+
and parallel to the surface. Let n be a unit vector pointing out of the sur-

-
face. Then the component of k normal to the surface is

k,=ken , k, =0@&-+nn 7.1

and the part parallel to the surface is

ky=k-&-mn. (7.2)

The dispersion relation for acoustic waves in the presence of winds is

P+l =p (7.3)

where C is the sound speed and
-+
QZw-k+¥v (7.4)
>
is the intrinsic frequency. w is the wave frequency and v is the wind ve-

locity.

44



With the help of (7.4), we can separate (7.3) as follows:

5

—(w—kL-_\;-ic* 2

A Tt ol T (7.5)

We want to solve (7.5) for k,, assuming EH to be known. We can rewrite (7.5)

as

C-vhrl+2a,v,k -+ K’ =0 (7.6)
where

Quzw-ky v 7.7
and

v,:@ema , v,EVen (7.8)

is the component of wind normal to the surface. The quadratic formula gives

the solution to (7.6) as

2 2 2 2
"Q" VJ_iC \/QI[ "'k" (C _V_L)

k = 5 5 . (7.9)

-
One solution of (7.9) should be the normal component of k for the in-
+
cident wave, the other the normal component of k for the reflected wave. To
convert from the incident wave to the reflected wave, it is necessary simply

to change the sign of
Q, v
kJ_ + ._.._...!L......J.L_.._ < (?010)

To do this, we can use (7.1) and (7.2) to write

k=k-&-a+ & o). (7.11)
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This is equivalent to

+
Q, v Qp v, n
[ - N ve
k=k-Kemn-———n+&-*mn+—>—". (7.12)
2 2 2 2
S cC™ - v,
Let us assume that (7.12) applies to the incident wave. That is
-
Qy v @y v, n
> > > o | AT > > > > [T
— -— — ——— o + —————
klnc kinc (kinc n)n C2 3 A + (kinc n)n 2 2 »(7.13)
-VJ_, C "‘V”L

"where the subscript inc signifies the incident wave. To get the wave vector
for the reflected wave, we need only reverse the sign of the last two terms in
(7.13). That is,

20 n
'y v n
= =5 o e i o 1] 1
ref kinc - 2(kinc * o - 2 2 » (7.14)
cT - v,

where the subscript ref signifies the reflected wave.

To be more explicit, we can write (7.14) in terms of components. We
assume an earth-centered spherical polar coordinate system (r, 6, ¢). We then
consider Cartesian components of ﬁ, (kr’ kS’ k¢) in the r, 6, and ¢ directions.
We also consider components of n, (nr, ng, n¢) in the r, 6, and ¢ directions.

Then (7.14) is equivalent to

£y ZQ" v, o
= T
20 v
> - TR
k@ ref kB inc -z(kinc : “)ne B CZ 2 g () (7.15)
20, v
i ] L
k¢ ref k¢ ine z(ki : n)n¢ - C2 _ 2 n¢ . (c)
L
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We might wonder whether it is realistic to allow a component of the wind
normal to the surface of the terrain. Rather than debate this point here, I
will simply point out that the ray tracing program in which we plan to apply
these algorithms has no automatic provision that requires wind velocity models
to have no component of the wind normal to the terrain. Perhaps such a pro-
vision should be added in the future. (Perhaps the tangential wind should also
be required to be zero at the surface.) At present, however, the last term in
(7.15) is needed to guarantee that the dispersion relation be satisfied for

the reflected wave.

Let us briefly consider the case of refraction for a wave that is trans-
mitted across the boundary surface where the sound speed and wind velocity
change discontinuously. As with reflection, the parallel components of 4
are continuous across the boundary. The normal component of k is found by
taking the appropriate solution of (7.9), evaluated by using the sound speed
and wind velocity for the medium of the transmitted wave. Under ordinary con-
ditions (the wind speed smaller than the sound speed) and with the convention
that n is positive when pointing into the medium of the incident wave, the
appropriate sign to choose for the transmitted wave in (7.9) is the negative
sign. Let us now return to (7.11). This can be written

K=k-(k-ma+k n . (7.16)

Equation (7.16) is valid for both the incident wave and the transmitted wave.
However, the value of k, is different for the two. For the incident wave,

k, is given by (7.1). For the transmitted wave, it is (from (7.9))

o 2 2 40D 2
o Yy vip = Cp Vi - Ky (Cp - v q (7.17)
1T c 2 _ 2 :
T VLT

where the subscript T refers to the medium of the transmitted wave. Thus, for

the transmitted wave, we have (from (7.16))

-

> - > >
kp = kinc - (kinc ° n)n + kon . (7.18)
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Explicitly, the parameters for the medium of the transmitted wave are

> -+
Q"T -0 -k * Vo (7.19)
and
S -
= Ll ?.20
yLT VT i’ .. ( )

8. ESTIMATING THE TIME OF NEAREST INTERSECTION

The simplest method for predicting whether an extension of the ray path
from a point will intersect the terrain surface (or the receiver surface) is
to extend the ray in a straight line and see if it meets the terrain when the
surface is extended as a plane by using the local slope. However, whenever
the curvature of the ray and the terrain are small enough for that approxi-
mation to be useful, the ray would probably eventually go below the terrain on
one of the integration steps and the simplest algorithm would recognize the

intersection.

Because we want an algorithm sophisticated enough to estimate the time of

nearest intersection (if one occurs) in difficult cases like those in Figs. 3,

4, 5, 11, or 15, we should include at least the local curvature in any approxi
mations. Also, because it would be difficult to deal with a higher order
approximation, a quadratic approximation to both the ray and the terrain seems

to be the best compromise.

In addition, when searching for an intersection with the terrain (or
receiver) surface, the intersection must be in the correct direction. In the
case of the terrain, the intersection will always be downward. In the case of
the receiver surface, the correct direction of crossing will alternate from
one crossing to the next, but for each crossing, the direction will be deter-
mined. TFor the purposes of the present development, it is useful to define a
parameter S that is equal to +1 if the wanted crossing is upward and -1 if the
wanted crossing is downward. Thus the value of S will always be -1 for a

terrain crossing.
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8.1 TFor Single-Valued Height Function Models of the Topography

Assume that the topography (or the receiver surface) is specified in terms
of a height z(0, ¢) that depends on colatitude 6 and longitude ¢. We will
require the function z(6, ¢) to be continuous through the second derivative.

We will require that the subroutine defining the surface will furnish first

derivatives

i

zg 9z/ 98 (8.1)

3z/ 3¢ (8.2)

™
[

and second derivatives

2o = 3°2/06° (8.3)
g & Palop’ (8.4)
205 = Zg0 = 52,798 3¢ (8.5)

that are continuous functions of 6 and ¢. Furthermore, the first and second
derivatives furnished by the subroutine must be mathematically consistent with

the variation of z with 6 and ¢.

The coordinates of the ray in spherical polar coordinates are (r, 6, ¢).
If r, is the radius of the earth, then the height of the ray above the sur-

face is

h=r-1r -2z, (8.6)

Let us assume that the ray path has approximately constant second de-

rivatives with respect to the group delay time t. That is,

2

& A 1w
r=r, + rl(t - tl) +3 rl(t - tl) (8.7)
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) ) 1% o v

6 = 81 + el(t - tl) + 5 Bl(t tl) (8.8)

bl Bl gy e e g (8.9)
1 1 1 2 “H] 1 *

The first derivatives to use in (8.7) through (8.9) are furnished by the ray
tracing program. The second derivatives are found by the approximations in
(1.7) through (1.9). The subscript 1 in (8.7) through (8.9) refers to the
time t., where the ray path is assumed to have known direction and approxi-

1
mately known second derivatives.

Consider the derivative of (8.6) with respect to group time.
h=r-2z=1-2z 8 - 2, o . (8.10)
Then the second derivative with respect to time is
"IN é -z $ S e B 2 &2 -2 é& (8.11)
6 0 00 (Y Z9¢ . :

If we assume that the second derivative in (8.11) is nearly constant for small
time intervals, then we can write

.s

: 1 2
= + - o= - s
h=nh +h (-t 5> by (¢ t,) (8.12)
in analogy with (8.7) through (8.9). We want to find the value of t for which
the ray intersects the surface, that is, where h = 0. Let tc be the value for
which h = 0. Then

0=h +1'1(t-t)+l;1(t—t)2 (8.13)

1 1V e 1 2 1°¢ 1 )

Let us now for simplicity drop the subscript 1 in (8.13), and simply remember
that h and t without subscript refer to the particular point on the ray path
that corresponds to the integration step where we are trying to estimate the

time t, where the ray will intersect the surface. Then (8.13) becomes
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e i 2
0=h+ h(tc -t) + 3 h(tc - )" . (8.14)

The solution of (8.14), for which the ray is going up when S = +1 and going

down when S = -1, is

t. = t= . (8.15)

Within the approximation being made here, the ray will intersect the sur-
face if

W2 - 2h h > 0 (8.16)
but will make a closest approach to the surface if

B2 - 2hh<O. (8.17)

In the latter case, we can estimate the time tp at which h is a minimum.

(8.18)

i =
= = i

This is close to the time when the ray makes a closest approach to the sur-
face. If the second derivative in (8.11) is very small, then the formula in
(8.15) may be impractical. In that case, the solution

t -t = =2h (8.19)

c . o =
h+ S h2 - 2hh

is more useful. The advantage of (8.19) is that it is uniformly valid as

h approaches zero.
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Unit normal directions from the surface

Section 7 requires unit nmormal directions to the surface. It is ap—
propriate here to calculate the components of the unit normal in terms of the

local derivatives. The connecting relations are

r %9
By (8.20)
n_z
=__r 9o
n¢ r sin 0 (8.21)
2 2 2
+ =
n_ ng : 3 n¢ | (8.22)
The solution of (8.20) through (8.22) is
n_ = L (8.23)
\/ 22 22
6 ol
L. & 2 * 2 2
r r- sin ©
Z
By e 9 (8.24)
. 2
\/3:'2 + ze2 + 82
sin” ©
z
ny = - ¢ , (8.25)
\/;2 sinze + z 2 sinze + z 2
0 ¢
where the unit normal pointing upward has been chosen.
8.2 For Arbitrary Surface Models of the Topography
An arbitrary model of a surface can be expressed in the form
f(e, 6, ¢) =0 . (8.26)

52



Because f is zero only on the surface, it always has one sign on one side of
the surface and the opposite sign on the other side. Let us call the side of
the surface that is underground the inside and the other side the outside.
Then we can arbitrarily require that f be positive outside of the surface and
negative inside the surface. We can similarly designate an inside and an

outside for the receiver surface and make the same requirement on f.
Thus, we have
f(x, 6, ¢) >0 (8.27)
outside the surface and
f(r, 6, ¢) <0 (8.28)
inside the surface. The time derivative of f is
fim £ £ fq o + f¢ $ (8.29)

where a subscript indicates a partial derivative as in (8.1) through (8.5).

The time derivative of (8.29) is

. . . . ‘5 .o ‘y e .. 4%
- + + + + + + + +
f fr r fe 5} f¢ 0] frr T f88 3] f¢¢ (0] 2fre rf 2fr¢ r} 2f8¢ 8¢
(8.30)
Assuming that (8.30) is nearly constant locally, we have
£=E ¥ e~ lE G- ) (8.31)
1 1 1 21 e 2 )

where the subscript 1 refers to the values at the time tl' We want to find

the value of t for which the ray intersects the surface, that is where f = 0.

Let tc be the value for which £ = 0. Then

- £" 2
0= fl + fl(tC - tl) + 5 fl(tc - tl) ; (8.32)
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For simplicity, let us drop the subscript 1 in (8.32), but remember that f and
t without subscripts refer to the integration step on the ray path where we
are trying to estimate the time tc where the ray will intersect the surface.
Then (8.32) becomes

2

- E(tc - B (8.33)

0=f + f(tC -t) + 5

The solution of (8.33), for which the ray is crossing from inside to

outside when S = +1 and crossing from outside to inside when S = -1, is
_f+s Vil _os g
£ ~ = - " (8.34)
c £

Within the approximation made here, the ray will intersect the surface if

f2 -2f £ >0 (8.35)

but will make a closest approach to the surface if

£2 o2 £<0. ! (8.36)

In the latter case, we can estimate the time tp at which f is a minimum.

t =t =~

X v (8.37)

Fhi|kh e

This is close to the time when the ray makes a closest approach to the sur-
face., If the second derivative in (8.30) is very small, then the formula in
(8.34) may be impractical. 1In that case, the solution

t -t = ¢ £ (8.38)

c . fom
f+5S f2 - 2f £

is more useful. The advantage of (8.38) is that it is uniformly valid as

f approaches zero.
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Notice that the representation in Section 8.1 is a special case of the

present representation where
f(r, 6, ¢) = r - r, - 240, ) (8.39)

Unit normal directions from the surface

As in Section 8.1, we need to derive the formulas for the components of
the unit normal to the surface. Because f is a constant along the surface,

the gradient of f is in the same direction as the unit normal. That is

Wwd w Py, weaboe 5 wF, (8.40)

rr r 8 r sin 6 l¢

Taking the ratio of components gives

£o
=T f N (8.41)
T
and
£
n, = e B (8.42)

® fr r sin 6 "r °

The solution of (8.41), (8.42), and (8.22) is

f
n_= 3 . (8.43)
2 f82 f¢2
Aty 2
E r r~ sin” 6
£
. = 9 , (8.44)
© 2 2
\V/ 2 . T f¢
By Rt
T r“ sin“ 6
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and

n, = . (8.45)

r2 r2 sin2 )

As a check for consistency with Section 8.1, we can take the partial

derivatives of (8.39) to give

fr =1, (8.46)

fe == 25, (8.47)
and

f¢ = - z¢ . (8.48)

Substituting (8.46) through (8.48) into (8.43) through (8.45) gives (8.23)
through (8.25), in agreement with Section 8.1.

9. INTEGRATING THE HEIGHT ABOVE THE TERRAIN

If the numerical integration of the ray path took small enough steps it
would not be necessary to use a sophisticated algorithm to look for inter-
sections of the ray path with the terrain. With small enough steps, all

intersections of the ray path with the terrain would automatically be found.

However, it would be too expensive to use such small integration steps.
We do not want to use integration steps any smaller than necessary to give the
desired accuracy to the ray path calculation. For that reason, I have de-

veloped the sophisticated algorithms presented here.

As pointed out previously, however, these algorithms are not foolproof.

It is possible to use numerical integration steps large enough that some
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intersections with the terrain would still be missed. This can happen when
the steps are much larger than the scale of the structure of the terrain
(if in one integration step, the ray passes by several ridges or hills, for

example).

I cannot think of simple modifications to the algorithms to take care of
these kinds of difficult cases. There is a compromise solution. It is to use
an integration step size small enough that these very difficult cases do not
occur. That will allow the algorithms developed here to be adequate. It
would be desirable, however, to have the step size reduced only near regions

where such difficulties arise.

This is partly possible in the following way. The numerical integration
method used in our ray-tracing program (Jones and Stephenson, 1975) varies the
integration step length as needed to maintain the requested accuracy. When
the equations being integrated are changing rapidly, the integration routine
will decrease the step size. When the equations being integrated are changing
slowly, the integration routine will increase the step length to save computer
time. If we add an equation to integrate the height of the ray above the
terrain to the system of differential eﬁuations already being integrated, then
the integration routine will not let the step size become larger than the

scale of the structure of the terrain below the ray.

Unfortunately, the step size will not be affected by how close the ray is
to the terrain. That is, when the ray is far above the terrain where there is
no possibility of intersecting the terrain, the step size will be kept just as
small as when the ray is close to the terrain. However, if some parts of the
terrain are smoother than others, the step size over the smoother parts will

be larger.

For single-valued height function models of the topography, the equation
to add to the system of differential equations is (8.10). The partial de-
rivatives are furnished by the terrain model, the time derivatives by the

differential equations for the ray.
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For arbitrary surface models of the topography, the equation to add to
the system of differential equations is (8.29). Again, the partial deriva-
tives are furnished by the terrain model, the time derivatives by the dif-

ferential equations for the ray.

In the ray-tracing program we use (Jones and Stephenson, 1975), whether
to integrate any of the auxiliary differential equations is optional (and
controlled by input data). Thus, once the above differential equation has
been added to the system, the user of the ray-tracing program can decide
whether to integrate the equation, depending on how complicated his terrain
model is. Most terrain models would probably not require this integration to

keep from missing intersections with the terrain.
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